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Notations

e Y = observed variable

e y = observed data, a realization of Y.

e 7 = latent variables

e X = covariates

e 0 = model parameters. When necessary, we’'ll specify 6 = (Oops, 01ar) Where:

— Bobs = subset of model parameters specific to the observations conditionnaly to the latent states;

— B1at = subset of model parameters specific to the states.
o 9+ = £(9(M) : update
. Q(@ | G(h)) = EM objective function
e py = distribution under the model parameterized by 6

e py(z|Y =y) is the conditional distribution of the latent variable given the observation Y =y for a given
parameter 6

e Py(A) = Probability of some event A under the model parameterized by 6
* Bo[6(y, Z,0) | Y =yl = [.ez 6(y,2,0)po (2| Y =y)dz
e Vy[X] Variance (-covariance, in the multivariate case) of the random variable X under the parameter 6.

o Covy (X,Y) Covariance (it is a matrix in the multivariate case) of the random variables X and Y under
parameter 6.

e ELBO(q,6,y) = varational lower bound
e 1 = variational parameters
[ Zi ~ T, Zik :]I{Zz = k‘}

T

e x' : x transposed

° Sil: Set of real symmetric positive semidefinite matrices in dimension d (in which belong covariance
matrices)

e 11, is a notation for any collection of (random or not) variables (z1,...,x,)

e I5(x) the indicatrix of the set B, i.e. the function that equals one if 2 € B and 0 otherwise.
e I;(x) the function that equals one if z = k and 0 otherwise

e 1, Vector of dimension d filled with ones.

o 1,4 ds Matrix of dimensions d; x ds filled with ones.

e ||v] (Euclidean) norm of the vector v.

e |X| Determinant of the matrix X

o X ~ NMy(p,X) =X follows a multivariate Gaussian distribution in dimension d with expectation p and
variance 3.

) ¢(x; 1 02) = Probability density function of a Gaussian distribution with mean x and variance 2.

o 7, po, (-) Random variables (Z;);-..... are indenpendant and distributed within the same parametric

family (which will often be precised in context.

iid

e 7, ~ pp(-) Random variables (Z;);-. .. are indenpendant and identically distributed with distribution pg



Chapter 1

Introduction

1.1 The book

This book brings together the lecture notes from a series of courses that we have given or are still giving at the
Master’s level in several universities: Université Paris-Saclay, Sorbonne Université, Université Bretagne-Sud.

It aims to present the entire approach of statistical ecology, i.e., starting with a set of data collected to
answer an ecological question, proposing a statistical model, designing an inference method to estimate its
parameters, and then interpret the results to answer the initial question. A major focus is done on mathematical
formalization, both of the model and the inference method, in the purpose of performing quantitative ecology.

Starting from data and ecological questions, this book illustrates the perpetual compromise of statistical
modeling between the “realistic” character of a model, which pushes for complexity, and the need for inference,
which pushes for simplicity. This illustration is made by exploring the specific but very broad category of latent
variable models, and their inference using a common keystone, the Expectation-Maximization algorithm.

By fully formalizing the mathematical model adopted to answer the ecological question, we aim at identifying
its specificities that make the statistical inference simple or complex. Consequently, for each model considered,
all the statistical machinery is deployed and all the calculations are detailed, to enable the reader to do the same
for the model she or he will have to deal with in her or his own research.

The book is organized into chapters according to the increasing difficulty of the inference. These chapters
contain methodological sections that present generic tools, unrelated to any particular application, and data
analysis sections that present a specific model, motivated by a particular ecological problem. Each of these
sections is introduced by the presentation of an ecological data set, for which a statistical model is proposed. We
try to emphasize the common structure and the differences between the successive models that we present. We
then present the statistical method to perform inference, always revolving around the Expectation Maximization
algorithm, designed for maximum likelihood inference. All the concepts and useful outputs of the model are
illustrated on datasets or questions that we, as researchers in statistics, encountered when we worked with
ecologists.

This book is therefore aimed on the one hand at Masters and PhD students with a mathematical background
and interested in statistical ecology, and on the other hand at ecologists wishing to deepen their statistical
training. We hope that the former will find interest in the link between well known models in statistical learning
(clustering methods, hidden Markov models...) and challenging applications in ecology, and that they will be
able to make bridges between methods that are often too much compartmented. We hope that ecologists will
find a clear and unambiguous formulation for models that they might have used for a long time, and that this
formulation would reveal some useful subtleties about the when and why of their usage.

It is always useful to precise what this book is not about. This book is not about an extensive overview of all
statistical methods in ecology. For instance, we do not cover the basic (but fundamental) tools of statistical
ecology which are the linear regression, the analysis-of-variance model or the generalized linear model, even if
we widely cover some extensions of these. We then assume that the reader has a minimal knowledge of these
models and there assumptions. This book is not meant to be purely operational, as we do not focus on software
implementation and do not provide an extensive list or description of packages that performs inference for the
discussed models. Finally, by making some choices about specific models, this book does not covers all latent
variable models. For instance, we do not discuss the modeling of data whose dependences are induced by a
continuous spatial domain, which is a subject in its own right and for which a huge number of specific models,
theories and methods have been proposed [see, for example |Cressie] 2015| for a fairly comprehensive overview].

With this same logic, as we decided to emphasize the broad applicability of the EM algorithm, we do not



focus on Bayesian statistics, even if several issues commonly encountered in Bayesian are extensively discussed,
such as the inference of conditional distribution and, in less extent, methods for sampling in these distributions.

1.2 Latent variable models in ecology

Latent variable models are statistical models that relates the random observable variables, (denoted Y throughout
the book), to a set of unobserved random variables (denoted Z), called latent or hidden variables. The hidden
variables may have a physical meaning with respect to the observed phenomena, as it is the case in the Hidden
Markov Models, where the hidden variable is an indicator of the state of the system at each time-step. They
may also have no physical reality and be used to enrich a simpler model to fit the data, as in mixture models
where the latent variables are used to classify the observations into groups that are unknown a priori, or in
mixed model where they allow to introduce some dependence between the observations.

Latent variable models have been widely used in ecology for decades: a review of some recent applications can
be found in [Peyrard and Gimenez| [2022]. Their popularity is partly due to their ease of use, when conceiving the
model. Latent variable models can be often be written as hierarchical models, represented as a graph encoding a
cascade of effect going down from the unknown parameters (denoted 6 in the book) to the observed variables Y,
passing through one or several latent variables Z. We will use such representations, called graphical models,
throughout the book.

Still, from a statistical viewpoint, the presence of hidden variables in the model formulation makes the
inference more difficult. Briefly speaking, because the latent variables are unobserved, all their possible values
have to be considered, which requires an integration with respect to Z, which is difficult and even infeasible in
many cases. For example, the likelihood of the observations Y is an integral over the latent variables Z, and its
maximisation can not be achieved in a naive manner because the calculation of the likelihood itself is complex
(or infeasible).

As we shall see in this book, many classical methods in statistical learning can be seen from the viewpoint of
latent variable models such as clustering methods, principal component analysis or autoencoders.

1.3 The content

In this book, we present a selection of latent variable models classically used in ecology and their inference using
the Expectation-Maximization (EM) algorithm.

The EM algorithm was proposed by [Dempster et al.| [1977] to carry maximum likelihood inference for models
involving latent variables. As the EM algorithm has been used successfully in a wide variety of contexts, making
it a central tool.in statistics, we have chosen to focus this book on inference strategies based on this algorithm.

The main problem when inferring models with latent variables is that only some of the variables involved in
the model are actually observed, while the other variables (the latent variables) remain unknown. The rational
of the EM algorithm is to recover the missing information, by examining the conditional distribution of the
latent variables Z given the observed variables Y. More often than not, this step (which constitutes the 'E’ step
of the algorithm) is the critical one, as it can lead to elementary, complex or infeasible calculations. We have
chosen to organize the book according to the difficulty of the step.

The book is organized as follows. In Chapter [2] we define the generic form of latent variable models and
present the EM algorithm in detail. Models for which the E step can be performed with close form formulas
are presented in chapter [3] Chapter [4] deals with models that require a greater effort: there is no close-form
solution for E step, but it can still be performed exactly using, for example, recursion formulas. The last
two chapters are devoted to models for which the solution of E step cannot be evaluated at all, so that an
approximation to it must be considered: Chapter [5| presents deterministic approximations, while Chapter 77
deals with stochastic approximations. Reminders on some useful notions, as well as some technical proofs are
devoted to the Appendices.

The reading of the book does not need be linear: not all sections of a chapter need to be read before going to
the next. Still, we advise to read the whole Chapter 2, and the methodological Sections 3.1, 4.1, 5.1 to have a
clear picture.



Chapter 2

Latent variable models and the EM
algorithm

Contents
2.1 Latent variable models| . . . . . . . 0 i i i i i e e e e e e e e e e e e e e e e e e e e 9
12.1.1  From Palmer penguins to mixture models|. . . . .. .. ... oo oo 9
12.1.2 General definition of the latent variable models and vocabulary| . . .. . ... ... ... 11
[2.1.3  Marginal and complete (log)-likelihoods|. . . . . . ... ... .. .. ... . L. 11
2131 Definitions|. . . . . . ... L 11
12.1.3.2  Complete and marginal likelihood for the Gaussian mixture model| . . . . .. 12
12.1.4  Maximum likelihood estimation|. . . «. . . . . . . . . ... 13
2.2 The Expectation Maximisation (EM) algorithm| . ... ................. 13
12.2.1 A central decomposition| . . . . . . . ... L e e 14
12.2.2 Principle of the EM algorithm| .. . ... ... . 0 oo o o 15
12.2.3 A first application of the EM algorithm| <. . . .. ... ... ... ... o000 16
12.2.4 Convergence]| . . . . . . . . . e 19
2.3 Evaluating the asymptotic variance of the maximum likelihood estimator|. . . . . 19
12.3.1  Fisher information and asymptotic normality of the MLE| . . . . ... ... ... .. .. 20
12.3.2 — Fisher information in latent variable modelsl . . . . . . . . . . . ... .. .. . ... ..., 22
2.4 Model selection for latent variable modelsl . . . ... ... .. .. ... 24
[2.4.1  Akaike’s Information Criterion (AIC)| . . . ... ... ... ... ... .. .. ... ..... 24
[2.4.2  Bayesian Information Criterion (BIC)| . . . . . . ... .. .. .. . ... ... 24
[2.4.3  Integrated Completed Likelihood (ICL)| . . . . . ... ... ... .. ... .. ... .... 25
4.4 UMIMNATY] © « v v v v v e e e e e e e e e e e e e e e e e e e e e e e e e e e 26

This first chapter formalized the pivotal tools that will be encountered all along these books, which are the
latent variable models, the Expectation-Maximization algorithm and some of its theoretical properties.

The first section of this chapter (Section is devoted to the formal definition of a latent variable model,
illustrated through a simple motivating example: detecting sub-populations among Palmer penguins based on
bill length. The Expectation-Maximization (EM) algorithm, a widely used method for parameter estimation in
latent variable models, is then introduced in Section [2:2] Finally, the last two sections of the chapter address the
asymptotic variance of the resulting estimators (Section and present model selection criteria (Section .

2.1 Latent variable models

2.1.1 From Palmer penguins to mixture models

Dataset 2.1 (Palmer penguins). As a first illustrative example, let us consider the Palmer penguins dataset
[Horst et all |2020]. The dataset contains the measurement of bill length for 342 penguins collected from
three islands in the Palmer Archipelago, Antarctica.
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(a) Adelie penguin (Pygoscelis adeliaeﬂ Bill length (mm)

“Picture by Samuel Blanc, via Wikimedia Com- y . . .
mons. licence %C BY-SA 3.0. (b) Distribution of the bill length

Figure 2.1: Palmer penguins dataset [Horst et al., [2020]. Distribution of the bill length for the complete studied
population of penguins.

Our objective is to model the distribution of bill length in Palmer penguins. A quick look at the histogram
of bill length (Figure right) suggests that a simple Gaussian distribution is not adequate. Indeed, the
distribution exhibits multiple local modes (peaks), indicating that it may not originate from a single homogeneous
population. Since the distribution of a trait within a homogeneous population is typically assumed to follow a
Gaussian distribution, this observed multimodality may reflect the presence of heterogeneous subpopulations,
each with distinct bill length characteristicsEl This feature of the data naturally motivates the use of a (Gaussian)
mixture model.

Two-component Gaussian mixture.

A mixture model is a probabilistic model assuming the presence of populations within the whole observations,
without knowing to which population each individual belongsﬂ

Let y = {y; }1<i<n denote the n observed bill lengths. Considering the two modes observed in the distribution
in Figure we assume these are realizations of n independent random variables {Y;}1<;<n, that follow a
two-component Gaussian mixture distribution. In the case of a two-component mixture model, each observation
is assumed to originate from either population 1 or population 2. Assuming that the bill lengths within each
population follow a Gaussian distribution, we model the data as follows:

e if observation 7 belongs to population 1, then Y; ~ N'(p1,0%),

e if observation i belongs to population 2, then Y; ~ N (2, 02).

To make the model complete, we must specify how the individuals are spread among the two populations. To
this aim, for each observation ¢, we introduce a binary random variable Z;, which indicates whether observation
i belongs to population 1 or 2 and we set that

]P)(ZZ = 1) = w1 s ]P)(ZZ = 2) =Wz,

where wy is the probability to belong to the first population, and ws = 1 —w; is the probability to belong to the
second one. Considering that we only observe a realisation of the variables Y = {Y;}1<;<, and that we do not
know their population of origin {Z;}1<;<n, these variables are called latent variables. In a more compact way,
Z ={Z;}1<i<n 1s said to be the latent variable of the model.

We may now define the two-component Gaussian mixture model as follows.

1The dataset actually includes information on both species and sex. However, for the purpose of this introductory example, we
intentionally ignore these variables.

2In the rest of this section, we use the word ”population” to stick to a natural interpretation for this dataset, but from a statistical
point of view, the best word would certainly be cluster, as it is the result of a clustering task.

10



s N
Model 2.1 (Two-component Gaussian mixture).

iid

Z; ~ Cat(wz (wl,wg)), 1<i<n,

md [ N(pa,02) if Z;=1 )

Y: 7= s ”,\L,d 1L : v 1<1<
i|{Zi =zl {N(,ug,og) if Z;=2 Len

where Cat (w) stands for the categorical distribution with probability vector w.
N

Note that the two conditional Gaussian distributions can be reformulated as a single one as:
ind
Yi[{Zi =2} ™ N (e, 02,) -

where the indices of the mean and variance are given by the latent variable value Z;.

The proposed model depends on six unknown quantities (parameters), namely wy,ws, i1, ug,af, U%. In a
concise notation, we will denote this set in a single vector 6. In this book, it will be convenient to distinguish
the parameters corresponding to the distribution of the latent variable, that we will denote 61,4 and from those
attached to the distribution of the observations (knowing the latent variables), which we will denote 6,1,s. Here,
we have:

Orat = (W1, w2),  Orap = (1, 12,05, 03) and 0= (Brat, Oobs)-

2.1.2 General definition of the latent variable models and vocabulary

s D
Model 2.2 (Generic latent variable model). Let y be the realisation of Y. Y is said to follow a latent
variable model if we can write its distribution as follows:

Z Np9zaz(')7 (2'1)
Y | ZNpenbs(' | Z)

L where the latent variable Z is not observed. )

The second line of this model links the data Y to the latent variables Z and is parametrized by 6,,s. The
first line corresponds to the latent variable part of the model and relies on the parameter 6),;. In some
cases, the latent variable Z is discrete (e.g. a categorical variable), in others Z is a continuous variable (e.g. a
Gaussian variable).

Back to the Palmer example. In the two-component Gaussian mixture, pg,, (-) is the product of n the
categorical distribution with support {1,2} and parameter 6,1 = w = (w1,w2) and py_,. (- | Z) is a product of n
Gaussian distribution depending of parameters Oops = (i1, pt2, 03, 03).

obs

Notations. 6 € © refers to the whole set of unknown parameters: 6 = (Oops, f1as). Thereafter, to avoid
overloading the notations, we will often use the generic 8 as follows:

Z Np@(')a
Y |Z~py(-|2Z).
2.1.3 Marginal and complete (log)-likelihoods

In this book, we will primarily focus on inference methods based on the likelihood of the observations ps(y),
where y represents the observed realization of the random vector Y. Consequently, we will carefully define both
the likelihood of the observations (also referred to as the marginal likelihood) and the complete likelihood.

2.1.3.1 Definitions

For a given realization of latent variables z = {Z;}1<;<n, following the definition of the latent variable Model
we are able to write the expression of the joint likelihood of (y, 2):

Po(Y, 2) = Pon. (¥ | Z = 2)po,,, (2) - (2:3)

11



This quantity is the so-called complete likelihood where ”complete” refers to the fact that the observations y
are enhanced by the latent variables z.

The latent variable z being non observed, the likelihood of y in fact results from the integration of the complete
likelihood over all the possibles values taken by the latent variable. Formally, the likelihood writes as:

po@) = [ _pow.2)dz= [ _po.(y] Z = 2)po, (2)dz (2.4

where Z is the support of the latent distribution pg,, (2). pe(y) is sometimes referred to as the marginal
likelihood or incomplete data likelihood (as opposed to the complete likelihood). In this book we will prefer the
marginal likelihood denomination.

Thus, the marginal likelihood is expressed as an integral over the latent variables. In the case where the
latent variables are discrete, the integral becomes a discrete summation:

Po(Y) = 3. Poo. (Y| Z = 2)pay,. (2).
zeZ
As we will see throughout the book, in some cases, this integral of summation can be computed explicitly.
In other cases, no explicit expression for the marginal likelihood exists; or its evaluation is computationally
burdensome.

2.1.3.2 Complete and marginal likelihood for the Gaussian mixture model.

For the sake of clarity, we now detail the calculation of the complete and incomplete likelihoods under Model
with Z = {Z;}1<i<n and y = {y; }1<i<n. For each observation i € {1,...n} and each population k € {1,2}, we
introduce the binary variable

1 if Z;=k

0 otherwise (2.5)

Zix =y (Zi) = {
which will prove to be very useful for calculations. Observe that, because each observation 7 has to belong to
one of the two populations, we have Z;; + Z;5 = 1.

s a
Proposition 2.1. For the mizture of two Gaussian distribution, the expression of the complete and marginal
log-likelihoods are given by the following expressions:

logpe(y, Z) =Y. Zirlog ¢(yi; o1, 07 ) + Zizlog ¢(yi; w2, 03) + Zir logwy + Ziz logws (2.6)
i1
and .
logpo(y) = Y. log[wi (s 1, 07) + wad(yis pia, 03) | (2.7)
i1

where qS(x;,u,oQ) is the density of a Gaussian distribution of mean p and variance .

N /

Proof of Proposition [2.1

Conditional distribution pg_, (v | Z). By independence of the observations:

obs

Poons (Y | Z) = oo, (W15 yn | 21,y Zn) = [ [ P00, (wi | Z:)
=1

so  logpg,, (y|Z) =7 logps,.(yi| Z).
=1

Besides, we have
Poous (i | Zi = 1) = $(yis . 01)  and  po,,. (yi | Zi = 2) = ¢(yis 12, 03) » (2.8)

where qS(x; ,u,JZ) is the density of a Gaussian distribution of mean p and variance o2. Using the
binary variables Z;;, these two equations can be combined into a single one as:

p@obs(yi | Z’L) (¢(yu/i170%))zu ((b(yw/j'Qvo—%))Zﬂ )
log po.,. (i | Zi) = Zinlog ¢(yi; 1,07 ) + Zinlog ¢(yis 2, 03) -

12



Marginal distribution py,_, (Z). By independence of the latent variables, we have
pelat(z) = Hpalat(zi) S0 Ingelat(Z) = ZIng91at(Zi)’
i=1 i=1

with
]P)glat(Zi = 1) = W1 and ]P)Glat(Zi = 2) =Wy . (29)

As before, these equations can be reformulated into one unique equation:

wo(Z) = whhude,

logpe(Z;) = Zilogw: + Z;slogws.

Complete log-likelihood logpy(y, Z). Combining the previous quantities, we get:

logpe(y,Z) = logpe,,.(y|Z)+logpe,, (Z)

n
> Zirlog ¢(yi; 1,075 ) + Ziz log ¢(yis 2, 03 )
=1

n
+ Z Zil IOg wip + Zi2 IOg w2 .
i=1

Marginal likelihood py(y). Because of independence, we have:
po(y) = Hpe(yi),
i=1
and, applying formula (2.4)) for each y;, we get

po(y) = [ [w1 &(vis 1,07 ) + wad(is 2, 03)]
=1

which leads to

logpo(y) = Y. log [w1 ¢(yi; 1,07 ) + wadp(yis 2, 03)] -
=i

2.1.4 Maximum likelihood estimation

The maximum likelihood estimate (MLE) is defined as:

—_—

0 = argmaxlog py(y).
0O

Proposition provides an explicit expression of the marginal likelihood for the two component Gaussian
mixture. However, a closer examination of expression reveals that, due to the presence of a logarithm
applied to a sum of two terms, setting the partial derivatives of log ps(y) to zero does not yield a closed-form
solution for 8. While one could apply general-purpose numerical optimization methods in this context, in
more complex scenarios (which we will encounter throughout this book), the integral form of the likelihood in
Equation often becomes intractable. As a result, direct numerical optimization with respect to  becomes
computationally challenging. As an alternative to direct optimization, the EM algorithm offers an efficient
approach to obtain the value f that maximizes the likelihood, by leveraging the latent variable structure of the
model.

2.2 The Expectation Maximisation (EM) algorithm

The EM algorithm was proposed by Dempster, Laird and Rubin in 1977 and is now one of the most cited paper
of the statistical literature. Before presenting its principle, let us introduce the following notations.

e po(z|Y =y) is the density of the conditional distribution of the latent variable Z given the observation

13



Y =y for a given parameter 6. We recall that by the Bayes Formula, we have:

Do, (Y | Z = 2)po,,, (2)
po(y)

po(z|Y =y)=

e For any L!-function ¥ and any couple of parameters (#,6’), we denote by Eo[¥(y, Z,0)| Y =y] the
expectation of U(y, Z,0) where the latent variables Z are integrated out under the conditional distribution

po(2|Y =y):
Bo[U(y.2.0)| Y =yl:= [ _W(y.z0)pu(x|Y =y)dz.

2.2.1 A central decomposition

The EM algorithm is based on the following decomposition of the marginal log-likelihood function log pg(y).

Proposition 2.2 (Decomposition of the incomplete data log-likelihood). For any 0 and 0’

logpo(y) =Eg[logpe(y, Z) | Y =y] -Eg[logpe(Z|Y =y)|Y =y] (2.10)
Q10" + H(010")

Proof of Proposition

The Bayes formula states that:

o _pe(y,2)
pG(Z|Y_y)_ p@(y) .

So, taking the log of this expression, we obtain:

logpe(Z | Y =y) =logps(y, Z) - logpe(y)
and so:
logpe(y) =logpy(y, Z) ~logpe(Z | Y =y).
Integrating out the latent variable Z with respect to pg:(Z | Y = y) on both sides leads to:

Eg[logpe(y) | Y =y] =Ep[logpe(y, Z) | Y =y] -Eg[logpe(Z |Y =y) | Y = y]
=Q(00")+H(0|0")

by definition of Q(6]6") and H(0|6"). Moreover, the left term log pg(y) is a constant with respect to Z,
leading to

Eo [logpe(y) | Y =y] =logpe(y)-
So, logpe(y) =Q(0|0") + H(O | 8"), which concludes the proof.

Remarks.

e The decomposition of Proposition[2.3 is convenient for our estimation purpose because it makes a conner-
ion between the marginal log-likelihood logpe(y) (often intractable) and the complete data log-likelihood
logpe(y,z) (usually more manageable).

e Note that if 0' =0, then the second term H (6] 0) is the entmpgﬂ of the latent variables Z given the observed
Y =y:
H(0]0) =-Eo[logpe(Z |Y =y) | Y =y]=Ent[Z | Y =y].

As a consequence, the decomposition given in Proposition [2.3 leads to

logpo(y) = Eg[logpe(y, Z) | Y =y] +Ent[Z | Y =y]. (2.11)

3Remind that the entropy of any random variable Y with probability distribution ¢, Ent[Y] = ~E4[log ¢(Y")]
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2.2.2 Principle of the EM algorithm

Now, we are looking for the maximum likelihood estimation:
0=arg max logpe(y) .

The EM algorithm is defined as follows.

p
Algorithm 2.1 (Expectation Maximization).

e Initialization. Choose an initial value §(9).
e Iteration. For h>0, let 0™ be the current value of the parameter. Repeat until convergence:
— Ezxpectation step (E step): Compute
Q(816") =Egun[logpo(y, 2) | Y =y].
— Mazimization step (M step): update the estimate of 0 as

0D — argmax Q6 | M) .
0c©

One can prove that the sequence (#(")); <, increases the log-likelihood log py (y) at each iteration.

Proposition 2.3 (Dempster et al.| [1977]). The sequence (0,50 defined by the EM Algom'thm 1s such
that:
log ppnsny (y) 2 logpgan (y), VYh2>0.

The proof of Proposition relies on the Jensen inequality which we now remind.

Lemma 2.1 (Jensen inequality). Let X be an integrable real-valued random variable and let f be a convex
function. Then:

FE[X]) <E[F(X)].

As a consequence, if f is a concave function, we have

FELX]) 2E[f(X)].

Proof of Proposition

Because §"*1) is the maximizer of Q(6 | /")) with respect to 6, we have
Q(H(h) | g(h)) < Q(@(hﬂ) | g(h)).
So, by definition of Q:
Egom [log pgenny (4, Z) | Y = y] > Egon [log pgon (v, Z) | Y = y].
As a consequence,

Pocv (Y, Z)

Y:y]ZO. 9.12
oy (Y, Z) | (2.12)

Egm [log pgereny (Y, Z) |Y = y] = Egony [log peeny (¥, Z) | Y =y] = Egen) [log

Now, applying Jensen’s inequality with f = log, which is concave, and X = pyne1) (Y, Z)/poiny (y, Z), we

obtain: ( ) ( )
Poc+n (Y, Z Poc+ (Y, Z

lo E(L)|: Y = ])ZE(L)[IO ——= Y = ]

g( o Pom (Y, Z) | v o & Pom (Y, Z) | Y
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We reformulate the left term:

o Z -
log (]Eg(h,) |:p0(h 1) (y7 ) | Y = y:|) IOg f DPo(r+1) (y7 Z)pe(h) (Z | Y = y) dz
Pon (Y, Z) Poe (Y, %)

Do(r+1) (y7 Z) DPor) (ya Z)
Pon) (3/7 z) pem(y)

1
=log ( fpe(h+1) (y,2) dz)
Pom (Y)
“log (p9<h+1>(y)) .

Do (Y)

= log

From this we have that:

log (pe<h+1> (y))
Pom (Y)

which concludes the proof.

Remarks.

E step: The E-step of Algorithm instructs us to "compute” the function Q(6.| H(h)). In practice, this involves

calculating all the quantities necessary to evaluate this function, which is typically expressed as a sum or
an integral. Since Q(0|0M)) is an expectation with respect to the distribution pony(2|Y =vy) , the core
task of the E-step is to characterize this conditional distribution. This key idea will be illustrated through
various examples presented throughout this book.

M step: The proof of Pmposztzonm requires only that Q(OU+1D) | 9()) > Q8™ |9 and does not assume that

0+Y) s the exact mazimizer of Q6| 0. Therefore, the M step only needs to produce an update 61
that increases the objective function Q(6 | O(h)) i order for Pmposztwn to hold. This variant of the EM
algorithm, known as the Generalized EM algorithm in | Dempster et al. [197’7/, is particularly useful when
the M step involves an iterative optimization procedure (e.g., gradient ascent). In such cases, performing
only a few iterations may be sufficient to increase Q(6:] 0, without requiring full convergence.

2.2.3 A first application of the EM algorithm

As a first illustration, we detail the E step and M step for two-component Gaussian mixture model (Model .

s N
Algorithm 2.2 (EM for a two-component Gaussian mixture model ). Starting from 6©) | repeat until
convergence:

E step. For alli=1,...,n, compute:
( ) (h) 2(h)
T(lh) _ ¢(yla ? )
i h 2(h h 2 h
wf )sb(yi;ul o} )) w§ )cb(y JEER A ))
Ti(zh) -1- Ti(lh)
M step. Update the estimate of 6. Define Nl(h) =y 17' ) and N(h) YT (Qh)- Then
1y _ N 1y _ N5
Wy = —, Ws = —=
n n
(h+1) _ Zn (1 )yv N(h+1) _ Zn (2 )yv
1 N(h) D 2 N(h) ’
n _(h (h n _(h (h
2(h+1) _ 2ie1 ( )(yz +1))2 2(h+1) _ el ( )(yz +1))2
T N ’ 72 " N '
Ny Ny
In practice, the algorithm is stopped when the parameters stabilize i.e. ||9(h+1) -6 || <€ with e =107 for
L imstance. )
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The Ti(lh ) , Ti(zh) are the probabilities, under parameter 8 for each individual ¢ to be in populations /clusters 1

and 2, given the observation Y; = y;, also referred as the individual conditional probabilitiesﬂ The estimate at

step h of P(Z = 1), namely w%h) is then obtained by averaging the individual conditional probabilities to be in

population 1. In the same spirit ,uih“) and af(hﬂ) are the empirical mean and variance where the observations

are weighted by the individual conditional probabilities to be in class 1.

Proof of Algorithm

The EM algorithm first requires to write explicitly the quantity Q(6 | H(h)). Then we will be able to
explicit the E and M steps.

Objective function Q(6 |9"). The expression of logps(y, Z) is given in Equation (2.6). To evaluate
Q0| 6™M) we have to integrate the latent variables:

Q0]0™) = Egu [logpe(y, Z) | Y =y]

n n
=Egmn) Z Zi1log ¢(yl-;,u1,af) + Ziolog (;S(yi;ug,og) + Z Zinlogwy + Ziglogws | Y =y,
i=1 i=1

where the only random terms in the expectation are the Z;;’s and the Z;5’s. Thus,

QoMY = > Egon [Zi1 | Y; = yillog ¢(yis 11,07 ) + Egan [ Ziz | Vi = yi] log ¢(ys; 2, 03 )

i=1
+ Y Eou [Zir | Yi = yillogwi + By [Ziz | Vi = yi] logwa
i=1
[ () 2\, _(h) 2\, S (B (n)
=), [Tu log ¢(yi; 1,07 ) + 7oy logqﬁ(yi;ug,az)] + > 75 logwy + 755 logwa
i=1 i=1
where
T = Egw[Zu|Yi= ] =Pen(Zi=1]Yi=p1),
and 750 = Egm[Zi|Yi=y]=Pew(Zi=2|Yi=y;)=1-7".
E step This step requires to compute the Ti(lh) and Ti(Qh) defined above. By the Bayes formula, we get, for
Zi € {1, 2}

_ pa(h)(yi | Zi)pe(h)(zi)
pe(h)(yi)

o (2i | Ys = ;)

b

which leads to
wih)ﬂé(yi;uﬁh),of(h))

h h h h h h)\’
(v nfV, 7™ + WV (i S, 03
wéh)aﬁ(yi;uéh),og(h))

h h h h h h
WM (yss 1", 07") + Wb (i3 SV, 3™

using the assumptions of the model on numerator and Equation (2.7)) on the denominator. Finally,
we obtain:

Ti(lh) = IP’W)(Zi =1 | Y; = yl) =

Ti(Qh) =Pom(Z;=2|Y;=y;) =

Q0| G(h)) = i Ti(lh) (logw1 +log qﬁ(yi; i, Uf)) + Tl-(Qh) (logw2 +log ¢(yl-; 2, ag)) . (2.13)
i-1

M step We are now able to maximise this last Equation (2.13]) with respect to 6 by setting its partial
derivatives to zero.

40r, in a more formal way: Ti(]:') =Pyny (Zi = k[Yi = yi)
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o We first compute the derivative with respect to wy (remember that wy =1 —w;):

0 Y 1 1 Z” T(h) Zﬂ_ T»(h)
00 6M) = (h) (1) -0 =1Ti1 _ Zi=1Te2
8w1 Q( | ) ; Ti1 Ti2 1 w1 St wy 1- Wy
L) _ 2?1 (h) X )
L NS (h) +T(h) n
b\,._/

=1

w§h+1) is obtained by averaging the individual conditional probabilities to be in cluster 1. The

symmetric formula holds for wéhH) :

(h+l) _ 2ie1T, (h)
wy = T

)

so we may check that w(h+1) éhH) =1

e We now consider the optimization with respect (p1,po,0%,03). We recall that:

1 Yi — 2
log ¢ (yii 1, 0*) = 5 log(2m) +log(o?) + (02“)]

So

d o\ _ Ui 9 11 (gi-p)?

Using the expression (2.13)), we obtain
A @O 16M) =0

| ROR
< Z[Tﬂ o logqb(yl,uhal)] =0

i=1
- 3 I:Ti(lh) Yi - m] L
i=1 o
h
& Z (1 )yz = Z il Ml
i=1
(h+1) 271 v
<~ = Z=l 1 7
& Ty
(h+1)
The same formula holds for p
(h+1) _ Zn (2 )yz
2 B n h) °
i 71(2 )
Finally, the derivation with respect to o7 leads to:
oz Q(010™) =0
o 0
<~ Zl |:Tz(1 )a % logdj(yuﬂlaal)] = 0
| L (i-m)’
< —L15(h) [ - =0
e
h (k) (Y — )
- 2751) = ;Tﬂ > -
71777. (h) (h+1) 2
- J?(hﬂ) = Ziea %n(y o )
i=1Ti1
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The symmetric formula holds for og(hﬂ) :
2(h+1) _ Y1 Tz'(zh) (yi — uéh”))z
%2 s )

i=1Ti2

2.2.4 Convergence

General properties There is no general guarantee about the convergence of the EM algorithm towards the
MLE 8. The only property we demonstrated before is that the sequence (logpge) (y)) hso 18 non decreasing. The
convergence properties of the EM algorithm are discussed in detail by [Wu| [1983] and McLachlan and Krishnan
[2008]. In particular, the convergence towards the unique maximum likelihood is established if the likelihood is
unimodal and under differentiability conditions with respect to 8. In the case of the Gaussian mixture Model
because the labels of the clusters can be exchanged, the likelihood py(y) is the same for 6 = (w1, wa, iy, fi2, 03, 03)
and 0’ = (wa, w1, p2, pi1, US,J%), so the likelihood function is not unimodal. If the complete log-likelihood belongs
to the exponential family (as defined in the Appendix section with compact parameter space, all the
limit points of any EM sequence (i.e. starting from any initial point) are stationary points of the marginal
likelihood function. Observe that both global and local maxima are stationary points of the likelihood function.
In some cases, it is shown that it is possible for the algorithm to converge to local minima or saddle points.
This algorithm is very sensible to the initialisation point as will be illustrated here after. In practice, it will be
initialized on many starting values or with carefully chosen ones.

Illustration of the convergence of the EM algorithm on the 2 Gaussian mixture The previously
presented EM (Algorithm has been implemented to estimate the parameters for the dataset plotted in
Figure Table provides 5 initial points 6(®) and the likelihood reached by the EM starting from theses
points. The initial points 1,2,4,5, and 6 lead to the same value of the likelihood (pg(y) = -1043.56) and to the
same value of parameter (not shown here). However, the third initial point does not allow the EM algorithm
to reach the global maximum. In Figure we represent the log-likelihood along the iterations of the algorithm
starting from the initial points 8(%) reported in Table

9(©)

i P o W] logpa(y)
40.00 50.00 5.00. 5.00 050 | -1043.56
20.00 50.00 5.00  5.00 0.50 | -1043.56
Init 3 | 35.00 70.00 5.00 500 0.60
Init 4 | 50.0040.00 10.00 ~10.00 0.40 | -1043.56
40.00 50.00 1.00 100 050 | -1043.56
30.07 4849  3.00 3.00 0.50 | -1043.56

Table 2.1: Log-likelihood (log pg(y)) reached by the EM starting from the various values of 9(). One can notice
that the third initialization lead to a local maximum (see also the Figure .

To further investigate the behavior of the EM algorithm, we consider a special case where the parameters
(w1,0%,03) are known and fixed to their true values, and only (i1, p2) are to be estimated. For this experiment,
we simulated data y using the parameters w; = 0.36, 07 = 02 =9, and (u1, p2) = (35,45). Figure shows the
trajectories of the likelihood through EM iterations starting from five different initial points. Three distinct
convergence points can be observed: one corresponds to the global maximum of the likelihood (marked by the
green point), which is close to the true parameter values (red cross); another corresponds to a local maximum
(bottom right); and the third corresponds to a saddle point of the likelihood surface (center of the figure). This
toy example illustrates the practical importance of initializing the EM algorithm from multiple or carefully
chosen starting points, in order to explore different regions of the parameter space and improve the chances of
reaching the global maximum.

2.3 Evaluating the asymptotic variance of the maximum likelihood
estimator

The Fisher information plays a central role in statistical inference, as it quantifies the amount of information that
an observable random variable carries about an unknown parameter. It provides a lower bound on the variance
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Figure 2.2: Evolution of the log-likelihood along the iterations for the different initial points provided in Table
One can see that i) the number of iterations to reach convergence strongly depends on the starting point
and ii) the third initialization leads to a local maximum.

of unbiased estimators through the Cramér—Rao inequality and is essential for constructing confidence intervals
and hypothesis tests. However, in models involving latent variables—such as mixture models or hidden Markov
models—the standard definition of Fisher information must be adapted, since the observed data likelihood
involves integration over unobserved components. This makes the computation more challenging and often
requires specialized techniques, such as using the observed information matrix or leveraging the EM algorithm
framework. In this section, we recall the basic concepts of Fisher information and present the main principles for
computing or estimating it in the context of models with latent variables.

2.3.1 Fisher information and asymptotic normality of the MLE

The statistical theory of maximum likelihood estimation provides a foundation for constructing asymptotic
confidence intervals for estimated parameters. In this section, we recall the relevant asymptotic results in the
context of independent observations, which are not necessarily identically distributed due to the presence of
observed covariates—such as in regression frameworks like linear or generalized linear models.

Observations Assume that we observe y = {y; }1<i<n, realizations of independent random variables {Y;}1<i<n,
whose distributions 1) belong to a common parametric family ii) differ in some characteristicﬂ because of different
covariates, denoted x = {x;}1<;<n (each measure can be a vector). No particular assumptions are made on the
covariates, but we assume

ind
Y N pos (54)

where 6 is the true parameter.
Fisher information Thanks to the independence, the log-likelihood as a function of 6 isﬂ

logpo(y) = Y. por (yi; ;) -
=1

We denote 8,, the maximum likelihood estimator, i.e. the random variable:

—

0, = argmaxlogpy(Y).
6e©

5Typically, the expectation of the distribution is different for Y7 and Y2 because the measured covariates 1 and zo are different
6Note that we omit the dependence on @ on the left hand side, as we do not make any modelling assumption on x. We keep it
on the right hand side for this section, but dependence on covariates will often be implicit in the rest of this book.
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Figure 2.3: Trajectories of the log-likelihood through EM iterations from five different starting points, in a
toy example where only (u1,p2) are unknown.The background color represents the value of the log-likelihood
logpg(y) (blue indicates low values, yellow indicates high values), with white lines showing level curves. The five
black crosses denote the initial points for the EM algorithm, and the colored dots trace the likelihood values at
each EM iteration. The green dot marks the global maximum, while the red cross indicates the true parameter
values. Among the runs, two EM trajectories converge to the global maximum, one to a saddle point, and two
to a local maximum. The numeric labels show the log-likelihood values at the three final convergence points.

Assuming that this function admits derivatives with respect to all components of 8, and these derivatives
are continuous, we define the score function as the gradient (i.e. the vector of all partial derivatives) of the
log-likelihood:

So(y) = Velogpe(y). (2.14)
Note that we can write Sp(y) = 3.7y Se(y:) where Sp(y;) is an overloaded notation for Vg logpe (i, ;). Assume
now that each component of the score function admits a finite order two moment with respect to pg(y), we
define the Fisher information matrix as:

1,(0) =Eg[So(Y)Se(Y)T] = [ So(y)Se(y) pe(y)dy = iEG[SG(Yi)SG(Yi)T]' (2.15)

Under certain regularity conditions that we will assume for the rest of this section, the Fisher information matrix
may also be written as

1,(0) = -E¢[Hy (log po(Y'))] = ~E[Jo (S6(Y))], (2.16)
where Hy and Jg are respectively the Hessian and Jacobian operator ﬂ
Now, assume that = I, (6) convergeﬁ to some limit 7(#). Then we have the following central limit theorem
for the maximum likelihood estimator 6,,

(@, -6%) %%»N(O,I_(e*)‘l). (2.17)

"Remember that if ¢ : © = R, the gradient of 1, denoted Vg1)(0), is the vector of the partial derivatives of 3 with respect to
each component of . If ®: 0 —~ R*, Jy (®(0)) is the Jacobian i.e. the partial derivatives of each component of ® with respect to
each component of 6. Hg(0) is the Hessian matrix i.e. the matrix of the second derivatives of ¢ : Hy (¢(0)) = Jg (Vo20(0)).

8In the regression context, this would require some assumptions on how @ is obtained. Typically, the ; may be assumed to be
realisations of iid random variables with finite variance.
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Observe that this may rewritten as

— - N(0,L,).

n—

Vi I(0%)'? (8, -67)
Now, provided that n~'I, (@\n) is a consistent estimator of 1(#*), Slutsky’s lemma yields
L(@)Y2 (B, - 6") —= N(0,1,,), (2.18)

which is used to compute confidence intervals for elements of 6.
Note that if Y7,...,Y,, are identically distributed, we retrieve the classical result as I,,(6) = nI(6) where

Iy :EQ[SQ(Y1)SQ(Y1)T:| (2.19)

is the Fisher information matrix common to all samples. In theory, the generic approximation can be
used for any parameters in any statistical model. In practice, however, computing the Fisher information
matrix involves evaluating an integral that is often intractable, depending on the (marginal) distribution of the
observations.

In those cases, the expectation has to be approximated, for instance by its empirical version using the
observations. For instance when Y consists in a n sample of independent and identically distributed random
variables Y7, ..., Y, such that in that case, I(6,) of (2.19) can be estimated by the empirical mean:

n

Z San (yz)S&l(yz)

== 1
1(6,) = —
niz1
Thanks to alternative formulation (2.16|) of the Fisher information, alternative estimators can be designed (see
Delattre and Kuhn| [2023] for a comparison of the approaches).

2.3.2 Fisher information in latent variable models

For the latent variable models, computing the Fisher information matrix appears to be a challenging task as it
depends on the marginal density of observations, which is not directly specified. Indeed, as the likelihood writes
as an integral (see Equation (2.4))), it is not clear how te obtain, in general, in this context the score function
and the hessian of the log-likelihood. However, the Louis’s formulae [Louis, (1982 provides a convenient way to
compute these quantities, only using by-products of the EM algorithm.

s N
Proposition 2.4 (Louis| [1982]). Let Sp(y) = Vg logpe(y) be the score function. Provided that differentiation
and integration can be exchanged and that all given integrals are finite, then we have:

So(w) = [ Vologp(y. Z)po (2| ¥ =) =Ea[S0(3.2) | Y =], (2:20)

where we introduced the notation So(y, Z) = Velogpe(y, Z), and the expectation is then taken with respect
to the distribution of Z | {Y =vy}. Moreover:

L Hy (logpe(y)) = Jo (Se(y)) =Ea[Jo (Se(y, Z2)) | Y =y] +Vo[Se(y, Z2) | Y = y]. (2.21) )

The first result is referred as the Louis’ trick. Note that the formulation of Proposition presents
the main advantage that it relies on the complete likelihood and can, most of the times, be easily computed.
In the next chapter we provide an example of such calculation for the ZIP model (Section and for the
Gaussian linear mixed model (Section . Before proving this result, let’s show how it is used in practice.

Providing confidence intervals in practice Thanks to Equation , the hessian of the log-likelihood
can be computed as long as the expectations of the right hand side can be computed (using the conditional
distribution of Z | {Y =y}). Then, thanks to Equation (2.16), the Fisher information matrix can be computed
at the MLE by: _

L (62) = ~E5, [Hy (log pg, ()],
where the expectation is taken with the respect to the marginal distribution of Y. As said earlier, if this

expectation cannot be computed, it will be approximated by its empirical version. In all cases, the variance of
0,, will be estimated by:



Then, for « €]0;1[, we can use the Gaussian approximation (2.18) to obtain an asymptotic confidence interval of
level 1 -« for the j-th element of 0%, denoted 67:

IC(07) = [On = 015 /Vi5 ]

where ¢1-¢ is the quantile of order 1 -3 of a standard Gaussian distribution, and Vj; is the j-th element of the

diagonal of V[0,].

Proof of Proposition [2.4
Recalling that log py(y) = log [fzeZ po(y,Z) dz] , and the fact that Vylogpg(y) = Voro) o have

po(y)
So(y) = Vope(y) _ Vo [.ez(Po(y, 2)) dz
po(Y) po(y)
fzez Vepa(y, Z) dz

= provided we can intervert [ and V
po(y)

V@pe(yaz)pG(yaz)
[zez po(y,z)  po(y) 1z

— f vgpe(y’Z)pg(Z|Y=y)dz
2z po(y,z

[ Vologpa(y, 2)po(= | Y = y)dz
= Eg[So(y,Z2) |Y =y] where Sy(y,Z) =Vylogpe(y, Z)

thus proving the first part of Proposition Now, let us compute Jg.Sy(y). Because the Hessian matrix of

log f is .
H(logf):H;”_(fo)(vff) , (2.22)

then the Hessian of log pe(y) is

Jo(Se(y)) = Hy(logpe(y))
Hy (po(y)) [Vepe(y)] [Vepe(y) ]T

po(y) po(y) |1 po(y)
_ w — S5(y)Ss(y)" from Equation
0

- Lol 2Nz _p o 2y Y sy B 2) Y =y (229)

po(y)

where the last line uses the Louis’ trick. We now concentrate on the first term of Equation (2.23]). The
same trick used to demonstrate the Louis’ trick can be combined with (2.22)) to get

LoezHo(po(y,Z))dz f Ho (po(y,2)) po(y,2)
zeZ

po(y) Po(y, 2) po(y)
=po (z|Y =y)
_ Hy (po(y.2))  Vopo(y,2) (Veps(y.2)\ Y =) dz
) fzez[ po(y, ) po(y, 2) (m(y,z) )]m( RESO
Vopo(y,z) [ Vopo(y, z) ! _
*fzez[ ) ( o2 )]pe(z'y‘y)dz
= [ [Ho (ogpo(v.2)) + 50w, 2)S0(w,2) ] po(= | Y = y) dz
= Eo[To(Se(y, 2)) | Y = y] +Eg[So(y, Z)So(y, Z)" | Y = y] (2.24)

Finally, noting that

Eo[So(y, Z)So(y,2)" | Y =y]| -Eg[So(y,Z) | Y =ylEe[Se(y, Z) | Y =y]" =Vy[Se(y,2) | Y =y],
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then Jy (So(y)) can be reformulated as in the last equation of the proposition. Combining this last equation

to (2.24]) completes the proof.

2.4 Model selection for latent variable models

In many practical situations, different models can be considered to describe the data at hand and/or answer the
question of interest. For example, when several covariates are available, the question is which covariates should
be kept in the model and which can be removed. The same issue can arise in latent variable models: a typical
question for mixture models is to determine how many components/clusters are needed to describe the observed
data.

It is intuitive that the maximized likelihood pz(y) is not a suitable criterion for model selection, as models
involving a larger set of parameters will, by construction, achieve a higher maximized likelihood. Model selection
must therefore strike a balance between the fit to the data —which can be measured by ps(y) — and some measure
of model complexity. In this section, we briefly review the most commonly used criteria.

All the criteria presented here assume that the observations yi, ...y, are the realisations of independent
and identically distributed Y;. In presence of covariates, the Y;’s remain independent, but are not identically
distributed. As in Section mild assumptions can be made on the covariates to derive similar criteria in this.
In case of non-independent observations, the criteria need to be amended [see e.g. |Delattre et al.| [2014].

2.4.1 Akaike’s Information Criterion (AIC)

One of the most popular model selection criterion is due to |Akaike| [1973] and consists in a penalized version of
the log-likelihood, the penalty being proportional to the number of parameters. More specifically, considering a
model m involving D,,, independent parameters (gathered in 6,,), the AIC is defined as

AIC(m) :=logpg, (y) — D (2.25)

When considering a collection of models M = {mj,ma, ...}, the best model according to Akaike’s criterion is the
one with highest AIC. The reader may refer to the original paper |Akaikel {1973] or to Lebarbier and Mary-Huard
[2006] for the precise derivation of this criterion and for the justification of the penalty.

Remark. Note that, in many publications (including the original one), the criterion is expressed as 2D,, —
210gp@fm(y), so the selected model corresponds to the lowest value. For all the criteria presented here, we adopt
the common penalized log-likelihood representation of Equation (2.25)).

2.4.2 Bayesian Information Criterion (BIC)

Bayesian viewpoint. The model selection problem can be easily stated in a Bayesian framework, as proposed

by |Schwarz [1978]. The model M itself is considered as a random variable taken from a finite set of models M.

The full model is then built in the following way.

e 2
Model 2.3 (Bayesian setting for model selection). The complete model involves three steps:

1. the model M is drawn from M = {mq,mq,...}, with distribution p(M),
2. the parameter set 0 is drawn with conditional distribution p(6 | M) and

3. the data set'Y is drawn conditionally on the parameter, with distribution p(Y |0, M).

The full joint distribution is then p(Y,0, M) =p(M)p(0 | M)p(Y |0, M).
L J

In the Bayesian literature, the distribution p(M) is named the prior distribution (or simply ’the prior’) over
the models and p(6 | M = m) the prior of the model parameters (conditional to the model). In the framework of
Model the model selection problem can be translated into the determination of the conditional probability
(also called ’posterior’ probability) of a model m € M given the observed data set y, that is

P01 =m Y =y)= o [ pty.6.m) s,

where the normalizing constant p(y) = ¥,ners [ P(y,60,m) df does not depend on m. As a consequence, the
models can be compared based on the numerator [ p(y, 6, m) df alone.
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The BIC criterion. The Bayesian information criterion (BIC) is a first order approximation of the logarithm
of the integral [ p(y,0,m) df. More specifically, denoting by 6,, = argmax,p(y | 6, M = m) the maximum
likelihood estimate of § under model m, the Laplace approximation given in Lemma from Appendix
yields
logn
10g([ p(yﬁm,m) dem) = logp( | emam) Dy, g

the dominant term of which defines the BIC:

+0,(1), (2.26)

logn

BIC(m) :=logp(y | . m) = Doy 5

A sketch of proof of Equation ([2.26) in the case of independent and identically distributed observations is given
in Appendix A precise derivation of BIC (and a comparison with the Akaike Information Criterion, AIC,
recalled at the end of this section) can be found in [Lebarbier and Mary-Huard| [2006].

2.4.3 Integrated Completed Likelihood (ICL)

Latent variable models In presence of a latent variable Z, the model selection problem can be stated in the
framework of the Bayesian Model

( )

Model 2.4 (Bayesian setting for model selection with latent variables). The complete model involves three
steps:

1. the model M is drawn from M ={my,ma,...}, with (’prior’) distribution p(M),
2. the parameter set 0 is drawn with conditional ("prior’) distribution p(6 | M),
3. the set of latent variables Z is drawn conditionally on the parameter, with distribution p(Z |6, M).

4. the data set'Y is drawn conditionally on the parameter and the latent, with distribution p(Y | Z,0,M).

The full joint distribution is then p(Y,Z,0, M) =p(M)p(8 | M)p(Z |0, M)p(Y | Z,0,M).
L

Under Model the integral from Equation (2.26)) becomes

/fp(y,z,Q,m) dz db = [/p(y | 2,0, m)p(z,|0,m)p(6 | m)dzdb,

involving an additional integration over the latent variables Z to compute criteria such as BIC.

In some specific cases, such as mixture models (Section or multivariate Poisson log-normal models
(Section , we can compute explicitly p(y;, 8, m) (where the Z; are explicitly marginalized) which brings us
back to the setting of preceding paragraph, so the Laplace approximation still holds and the BIC is defined in the
same way. In the general case (when the latent variables can not be integrated out), the Laplace approximation
of the integral [[ p(y,z,0,m) dz df is more intricate. Some such examples will be studied (for instance in

Section of Chapter .

Laplace approximation of the complete likelihood. To circumvent the additional difficulty induced by
the additional integration over the latent variable Z, one may directly consider the so-called (log-)integrated
complete likelihood:

log fp(y, z,0,m) do

where, as before, ”complete” means that z is supposed to be known in some way. [Biernacki et al.|[2000] apply
the Laplace approximation from Lemma (Appendix [A.4) to get

log n

log(f p(y,z,0,m) d@) =logp(y, z | Oy, m) — Dy, +0,(1). (2.27)

Since the latent variables z are not observed, they have to be ”estimated” or ”integrated”, giving rise to two
versions of the Integrated Completed Likelihood criteria (ICL).
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ICL criterion. In the context of mixture models, Biernacki et al.|[2000] propose to simply set Z to its posterior
mode _
Z=argmaxp(y,z |0 =0, M =m)
z

and define the ICL criterion as the dominant term of Equation (2.27):

logn

ICLy(m) = log p(y,Z | O, m) — Dy, 5

(2.28)

McLachlan and Peel [2000] propose an alternative version of ICL, where logp(y,2z | 0= Opy, M= m) is
averaged over z with respect to its conditional disic\ribution o(Z|Y =vy,0 =0,,,M =m), that is to replace
logp(y, 2z |0 = 0,,, M =m) with Eg [1ogp(y, Z160=0,,M=m)|Y = y]

logn

ICLy(m) = By [logp(y, Z |0 =0n, M =m) |Y =y]| - Dy 5

(2.29)

In the sequel, we will most often prefer the ICLy version of the ICL criterion to the ICL;.

Comments

e The ICL’s are very convenient in latent variable models since the fit term is a by-product of the EM
algorithm.

e Besides, interestingly, thanks to the decomposition (2.11]), the resulting ICLy criterion can be reformulated
as:

ICLy(m) =logp(y | 0 = Oy, M = m) - Ent[Z |Y =y, M =m0 = @\m] - Dy log(n)/2
=BIC(m) -Ent[Z |V =y, M =m,0 =0,,].

The BIC penalty pen(m) = D,, log(n)/2 only refers to the complexity of the model m, whereas the ICL
criterion also penalizes the conditional entropy of the latent variable Z, that is for the uncertainty about
Z given the observed data y. Depending on the problem at hand, either BIC or ICL can be preferred.

2.4.4 Summary

Although derived in a Bayesian framework, both BIC and ICL criteria are widely used for model selection in
a frequentist setting. The notations are then slightly different as the likelihood p(y | 6 = 8,,, M = m) is then
denoted pg (y) and the entropy Ent[Z |Y =y, M =m,0= ﬁm} becomes Entz [Z|Y =y]. The BIC and ICL
criteria then adopt their most common form, which is similar to that of the AIC, namely:

AIC(m) =logpg (Y) = Dm,
logn
BIC(m) =10gpaf,”(y)—Dm—§ 7 (2.30)

logn

ICL2(m) =logpg (y) = D -Entz [Z|Y =y].

Remarks.

e Because the AIC penalty is log(n)/2 times smaller than the BIC penalty, AIC will tend to select more
complex models that BIC, especially when the number of observations is large.

o Likewise several other model selection criteria, both are penalized criterion model selection criterion in
the sense that are defined as the difference between a measure of fit (e.g. the maximized log-likelihood) for
model m _(logpg (y)) and a model-specific penalty.

e Lastly, the AIC, BIC and ICL criteria require the evaluation of the log-likelihood. In Chapter[3, we will see
how they can be adapted when the likelithood can not be evaluated.

This first chapter provided a general introduction to latent variable models and the EM algorithm. To
illustrate these concepts, we explored a simple latent variable model: the Gaussian mixture model with two
components. The next chapter will introduce more advanced models where the EM algorithm can be applied
effectively.
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In this chapter, we present a set of models for which it is possible to apply the EM algorithm directly. The
models we chose to present fall into two main categories depending on the nature of the latent variables.

e Sections and [3.3] are dedicated to models where the latent variables take a finite number of values,
namely the multivariate Gaussian mixture model, the zero-inflated Poisson model and a mixture model for
genetic data. These three models are mixture models.

e In Sections[3.4] and [3.5] we present respectively the linear mixed-effects model and the probabilistic principal
component analysis where the latent variables are continuous and more precisely Gaussian.

Each section follows a consistent structure. First, we introduce a motivating dataset from the fields of ecology or
evolution. We then propose a probabilistic model and provide detailed derivations of its complete and marginal
likelihoods. The E step and M step of the EM algorithm are thoroughly described, and model selection issues
are discussed when relevant. Finally, we apply the inference procedure to the dataset previously introduced.

3.1 Multivariate Gaussian mixture model for species clustering

3.1.1 Data and question

To identify patterns and structures within ecological data, a common statistical technique is clustering. Clustering
aims to group similar observations together to summarize potentially complex datasets into simpler ones. From
a statistical point of view, we expect that i) observations within a group are ”alike,” and ii) two different
groups are well separated. From an ecological perspective, another constraint is that the created clusters remain
meaningful. For instance, in community ecology, clustering groups species or individuals with similar ecological
characteristics (phenotypical or functional traits, for instance) into communities, which then become the object
of study. Another example would be the clustering of habitats, which is useful for ecosystem management, as
well as providing simplified inputs for species distribution models.

Dataset 3.1 (Meadow vegetal species traits). |Leps et al.| [2011] consider a study of vegetation composition
in meadows of Bohemia, Czech Republic. Four specific traits, namely the specific leaf area (SLA), the
leaf dry matter content (LDMC), the reproductive plant height and the seed weight are measured over 58
species EI Our objective is the identify groups of species that share similar traits. An extract of the table
corresponding to this dataset is Table[3.1. They are plotted in Figure[3.1].

Species SLA LDMC Height Seed weight

Spl 28.30 275.90 60.50 0.00
Sp2  27.70  294.30 39.50 0.10
Sp3  23.80 22740 105.00 0.20
Sp4  30.40 166.20 45.00 1.30
Spb  28.40 187.40 75.00 0.70
Sp6  23.30  322.00 27.50 0.50

Table 3.1: Traits of vegetal species of Bohemia meadow respectively the specific leaf area, the leaf dry matter
content, the reproductive plant height and the seed weight. Data is an extract of [Leps et al|[2011], available in
the R (R Core Team|[2022]) package traitor (Gotzenberger| [2015]).

3.1.2 (Gaussian mixture model

Clustering can be performed using a variety of techniques, including hierarchical clustering and k-means clustering
(see [Everitt et al. [2011] and references therein). In this chapter, we focus on the most widely used model-based
approach: the finite Gaussian mixture model.

We considered the data of the package traitor package (|Gotzenberger) |[2015]) from which we removed two outliers.
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Figure 3.1: Pair plot of vegetal species characteristics. The diagonal shows the empirical density of each variable.
Scales are omitted as they are not relevant for illustrating our point. See Table @ for signification of variables.

In this probabilistic framework, the observed data are assumed to be realizations of random variables whose
distribution depends on a latent variable. This latent variable takes values in a finite set of size K, where K
represents the number of clusters (or communities) present in the data.

In this context, when the number of clusters K is known or fixed, the goals are: i) to recover the cluster
assignments from the observed data, and ii) to characterize the distribution of the observed data within each
cluster. A third, equally important objective is to estimate the number of clusters K. We postpone this discussion
to the end of the section and begin by assuming that K is known.

Notations Let’s assume we have observed data y = {9 }1<i<, in R%. In our example, n = 74 and d, = 6. We
suppose that these are realizations from independent random variables Y7,...,Y,,, defined as the marginals of
independent joint random variables (Y1, Z1),...(Y,, Z,) such that, for 1 <i < n,

o Z;e{l,...,K}, and, for each k€ {1,...,K}:
P(Z;=k) = wy (3.1)

where wy, are unknown probabilities, therefore satisfying, for each k, wi >0 and Z,ﬁil wr = 1. We denote
w=(wy;...,wk): this parameter gives the proportions of the clusters in the entire population. In what
follows, we use the categorical distribution to write equation (3.1

Z; ~ Cat (w)
Using the general notations of Chapter [2| w parametrizes the distribution of the latent variables and so

Hlat = {w}

o V| {Z; =k} ~N(iuk,Xr), where puy and X are respectively the expectation and the covariance matrix
of the observations of cluster k. py is a vector of dimension d,, (i € Rdy) while ¥ is dy x dy invertible

symmetric matrix (X € Sﬂfy, positive definite). We denote

= (g1, pmx) , B=(S1,...,8k)  and  Oops = {p, X}

These parameters characterize the distribution of observations within cluster in this Gaussian setting.

In this context 6 = {flat, Oobs } is the set of unknown parameters, to be estimated using observations. The
Gaussian mixture model is summarized as follow.

29



Model 3.1 (Gaussian mixture model).

Z; %dCat((wl,...,wK)), ISiSn,

Y |{Z: = 2.} " N (s, 02) 1<i<n.

Graphical model. A graphical model is a type of probabilistic model in which a graph encodes the conditional
independence structure among random variables. In such models, nodes represent random variables, and
edges signify the conditional independence relations between these variables. By examining the graph, we can
understand how the joint distribution breaks down into a product of smaller components; each involving only
a subset of the variables. More general properties on graphical models are provided in the Appendix section
Figure displays the directed graphical model (DAG) associated with the joint distribution py (Y, Z) for
Model [3.1] where the absence of link between components indicates the independence assumption.

By inspecting the directed acyclic graph (DAG) or by applying the rules of conditional probability, we see that,

11K

Figure 3.2: Graphical representation of the mixture model Model .

conditionally on the observations Y =y, the latent variable Z; depends only on the corresponding observed
variable Y; = y;. That is,
P(Zi=k|Y =y)=P(Zi=k|Y: =y:).

Alternative formulation using a mixture density The mixture model (or mixture distribution) can be
alternatively defined by its density, commonly referred to as the mixture density.

( M)

Definition 3.1 (Mixture distribution). Let K >2 be an integer. A random variable Y on R is said to
follow a K-mizture distribution if there exist K probability density functions p1(y),...,px(y) and weights
wi,...,Wg satisfying

e for each k, wi >0,
L leg{zl Wg = 17

such that the probability density function of x, denoted p(x) satisfies:

K
p(y) = Y wipk(y)- (3.2)

k=1

In this case, y — p(y) is said to be a mizture density, and py is called the kth mizture component.
_ J

- N
Proposition 3.1. Under Model[3.1], the marginal distribution of the observation Y; is a mizture distribution
where each mixture component is the p.d.f. of a Gaussian random variable.

Proof of Proposition
Let B be a non-zero measure subset of R%, and px(-) be the p.d.f. of a N'(yux, Xx) random variable. For
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1<% <n, we have:

IP(YeB)—kZlP(YeBZ k) =§1 Z;=k)P(YieB| Z; = k)

K K
- S f (@) ey [ > () dy-

3.1.3 Complete and marginal log-likelihoods
e a
Proposition 3.2. The marginal log-likelihood of the Gaussian mizture model (MOdel is given by

. dy
=1 2 k=1

n K T
log po(y) = Zlog(( Z wp |Sg|F e 3 i) 25(«%%)) . (3.3)

where || is the determinant of the matriz ¥ and x7 is the transposed of x. Its complete log-likelihood is:

n K d 1 1 .
logpe(y,Z) =Y. 3 Zik (logwk - - log2m - - log[Sk| - 5 (i - k)" St (i - Nk)) (3.4)
1=1k=1
N\ J

Equation theoretically allows for maximum likelihood estimation via a numerical optimization algorithm.
However, this approach can suffer from significant numerical instability, primarily due to the presence of a
logarithm applied to a sum of exponential terms, which prevents straightforward simplification. In this context,
the Expectation-Maximization (EM) algorithm offers a powerful and numerically stable alternative, avoiding the
need for direct approximation of the observed likelihood.

Proof of Proposition

Marginal log-likelihood Remind that the density of a multivariate (of dimension d,) Gaussian distribu-

tion is:
1 1

@nE Vol

Then, using Proposition the log-likelihood of Model [3.1]is given by

o(y; 1, %) = Xp{—%(y—M)TE_l (yi—u)}~

log pe(y) = logpe(y1:n) = Zlogpe i) Zlog(zwkm eobs(yz)).
i=1 =1

Injecting the expression of the density of a multivariate Gaussian variable, we obtain;

n K e
log po(y) = Zlog(@ Z |2k|_% e (Wimme) E’Cl(l’i’“ﬂ)) .
i=1

Complete log-likelihood It is convenient to express, for every 1 < i < n, po(y;, Z;) as a product by
noticing that
W1P1,00s (¥3)  Hf Zi=1
Po(Yis Zi) = D010 (Zi)Poyy. (i | Zi) = :
WKDK 0o (i) i Zi = K

can be compacted into a unique expression as:

K
Po(is Zi) = [] (wibrou, (i) 7" where  Zi =113y (Z)).
k=1
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The complete log-likelihood in this case writes:

logpe(y, Z) = ) log po(yi, Zs)

=i
n K 7 n K

= > log [H (kDK 000, (Y)) k] =" T1 Zir log (wipr.6.,. (¥i))
= k=1 il

M=
=

Zik, [log wi +10g (Pr,6.4. (4:))]

S
I
—
E
Il
—

d 1 1 _
Zik (logwk = Ey log 27 — 5 log |Xk| - 3 (yi — ,uk)T Ekl (yi — pk)) .

M=
M=

S
Il
—
E
Il
[ury

3.1.4 EM algorithm

The EM for the Gaussian mixture model writes as:
e N

Algorithm 3.1 (EM for a Gaussian mixture model ). Starting from 0©) | repeat until convergence:
E step. Foralli=1,...,n, and all k=1,..., K compute:

o[£ F Al O (o)

T =Py (Zi = k| Y = y) =

=3 L LD\T (Mo, (B
S Wéh) |E§h) 2 3 (mmn?) @) (wimng?)
M step. Forallk=1,..., K, set:
h <~ (h
N =3, (35)
i=1
and update the estimate of 0 as
h+1 1 (n
o Ly, (3.6)
n (h)
(h+1) Diz1 Tik Yi
Ly = W (3.7)
(h+1) L &, (D)) (, _  (h+D))T
Ek = ngh) ;Ti’k (yz My )(yz My ) . (3-8)

In practice, the algorithm is stopped when the parameters stabilize i.e. ”0(’”1) -6 || <€ with e =107 for
L instance.

Remarks.
e Note that the quantity in Equation (3.6) is of great interest as it gives, for the current estimate 6 | the
probability for the observation i to be in cluster k. A natural estimator for the cluster of y; is then the

maximum a posteriori (MAP) i.e. the most probable cluster given the observation:

’z‘gh) = arg max Ti(]?) (3.9)
k=1,...K

o Néh) is the expected number of observations belonging to cluster k under estimate 0. Note that

K ) K n h) n K )
]glNk =2 0T = 2 T = (3.10)

k=1i=1 i=1k=1
———
=1
e wy is estimated by w,ihﬂ) which is a natural estimator since it represents the expected proportion of

observations assigned to cluster k under the parameter 0. Similarly, the cluster expectation (ux) is
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estimated as the empirical weighted mean of the observations, where the weights correspond to the posterior
probabilities of each observation to belong to cluster k under 0" . The same principle applies to the
estimation of the cluster variance Xy, which is computed as a weighted empirical covariance.

Proof of Algorithm

Objective function Q(6 | O(h)) . Suppose we have a current value (") = {w(h),u(h), E(h)}, then, we
use the expression of the complete log-likelihood (3.4) to get:

Q(16") = Egu[logpe(y, Z)|Y =y]

Z Z Eom [ Zir | Y =y] (logw;C . Y log2m — = log|§]k| — (yi — ,uk)T Z;l (yi — Mk)) .
-1

E step Then, we have to evaluate:
Ti(,?) =By [Zi | Y =y] =Py (Zi =k |Y =y).

As seen in the previous chapter for a mixture of two univariate Gaussians, we use the conditional independence
to write:

T8 =Py (Zi = k| Y = y) = Pony (Zi = k| Yi = ).
Now, by the Bayes formula, we obtain:

() _ Pooy (Zi = k)py oo (yi)
E Doy (yv)

2 e—%(yrufch))T(Zih))' (vi-n™)

_% e’% (yl *#Eh) )T (Egh) )t (yruﬁ") ) .

K
=1 Wy

M step We denote: N ,Eh) = Ve T Z(k ), the expected number of observations in cluster k under estimate ().

The M step consists in maximizing Q(9 | G(h)) with respect to 6. Note that Q(0 | G(h)) can be separated
into Q(w | Q(h)) and Q(u, 3| G(h)):

(h)

dy _
Q(o10™) Tik (logwk - Zlog2r - = 10g|2k| 5 (yi - k) Bt (v - Mk))

s

n

K
i) logwk— S Z Z ) (log |Dk + (yi — )" S5 (Wi — 1)) = 2 Dy ) y log 27

M= L
'M: gl

k=1 i=1 k Ki=1 k=11=1
———
NP ED)
= Z N(h) log w, +—f Z > (log [Sk| + (yi — pu) " 2" (yi — i) ) +Cste.
k=1 k=K i=1
Q(wlo™) Q(1,Z(oM)

e Maximization with respect to w

We want to maximize Q(w | 9(")) with respect to w, subject to the constraint that Y1, w(h) =1. For
a Lagrange multiplier A, we therefore want to find zeros of the gradient of the function

K K
Q(w, A 0™ = 3 N 1ogwy, - A(Z wy, — 1) :
k=1

k=1
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We easily see that VQ,y)\Q(w, A G(h)) =0 is equivalent to:
N® =
N® = ok
Zlf;il wr =1
Summing the K first rows, we have that

h
)= Zf:lng : _
k=1 Wk

where the denominator equals to 1 is due to the constraint, and the numerator equal to n, as proved

in Equation (3.10)). It follows that the update is given by

(he1) _ L)
wk n k-

e Maximization with respect to u; Let’s consider the gradient with respect to pig:

1

kaQ(e | G(h)) 2

Y G e (i = )T SR (i = o)
=1

se{5 )

v#waﬂwawU =0

(h+1) _
= Z’L 1T, (yz ) =0 o
(h+1) _ Zha s
My = N(ﬁ)

Then, as X is positive definite:

<~

e Maximization with respect to ¥ Let’s consider the derivativ’with respect to ¥

1 _
Vs, Q0] 6%M) = -3 z )Vzk (In Skl + (vs — )" 5" (Wi — 1))
i=1
1 _
=5 v2k|zk|—fzn,€v2k (i = )" S5 (i = )
Inmga Z %) (y; - - ) | St
2 k Yi Mk)(yz Mk)

Then, it is direct to see that:

VZkQ(Q(hH) | g(h)) =0
E}(€h+1)

27, T (h)( /«L](Chﬂ))(yz ,u(h+1)) ’

which is the empirical covariance of observations weighted by the probabilities of being in cluster k
under 6.

N(h)

3.1.5 About the clustering

If clustering is central to the statistical analysis, it may be necessary to assign each data point to a single
cluster—this is known as hard clustering. Such an assignment can be obtained using the MAP (maximum a
posteriori) criterion:

n
zZ=(Z1,.--,2n) = arg max H]P’g*(ziﬁ/;:yi)
(21,20 )e{1,... K}™ =1

2We here use convenient results on derivatives with respect to matrices, that can be find in [Petersen and Pedersen| [2008]
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And so (thanks to the product form):

Z; = argmax P(z; | Y; = y;) = argmax Ty .
zie{1,...K} ke{l1,...K}

Link with the K-means algorithm However, the reader may be familiar with the K-means algorithm for
clustering. A natural question is the link between this approach and the Gaussian mixture clustering through
the EM algorithm. Let’s briefly recall the K-means algorithm in R%.

( )

Algorithm 3.2 (K-means). Starting from K means Mgo) ,ug?), and given a certain distance d(-,-), for

every h > 0, alternate the two following steps:

o Assignment: For every 1 <i<n, compute
Egh) = argmin d(y;, ugh)) Indez of the closest mean
J

Ti(,}li):]le(,h)(k)’ ke{l,...,K}

e Update: forke{l,...,K}

(h+1) _ Tik Yi
k = h
ZZL 1 Tz(k)
. J

Written this way, it is clear that the EM algorithm (in the case of Gaussian mixture) is a generalization of the
K-means, where the E step is an assignment using probabilities for T(k) for each observation, instead of a 0-1
assignment, and the M step for the mean is completely analogous to the update step, having the exact same
formula. However, the K-means does not provide uncertainty measure on the clustering.

Clustering uncertainty In contrast to hard clustering methods, the mixture model combined with the
EM algorithm provides a probabilistic assignment of each observation to clusters. Specifically, the quantities
Tit = P5(Z; = k | Y; = y;) represent the posterior probabilities of observation ¢ belonging to cluster k, a procedure
commonly referred to as soft clustering.

The uncertainty associated with the clustering can be quantified using the entropy of the conditional
distribution of the latent variables given the observations:

n K
Entz[Z | Y =y]=-> Z 3k log T (3.11)
1=1k=1

This entropy measures the fuzziness of the clustering assignment and ranges from 0 to nlog(K) for n independent
observations taking K values. If each vector (Ti1,...,Tix) is close to a vector such as (0,...,0,1,0,...,0), then
each observation is confidently assigned to a unique cluster, and the entropy will be close to 0. Conversely,
higher entropy values indicate more uncertainty in cluster assignments. The maximum entropy, achieved when
Tik = % for all 7 and k, corresponds to complete uncertainty in clustering—an extreme and typically unrealistic
scenario in practice.

As a conclusion, on the one hand, the probabilistic mixture model for clustering relies on specific distributional
assumptions about the data, which should be carefully assessed in practice. On the other hand the probabilistic
mixture model for clustering has the advantage of providing a principled measure of uncertainty in cluster
assignments, in contrast to methods such as K-means which yield hard partitions.

3.1.6 Choosing the number of components

The previous section detailed how to estimate model parameters when the number of components is known.
However, a crucial remaining question is: how can we estimate the number of components K? As discussed
in Section the log-likelihood alone is not a suitable criterion for this purpose. This is because a model
with K — 1 components is nested within a model with K components, and the likelihood inevitably increases as
components are added. To address this, the number of components K is usually selected using penalized criteria
such as AIC, BIC or ICL, defined in Equations , which all rely on both the maximized log-likelihood and
the number of independent parameters, which we denote by D for a model with K components. In the case of
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Gaussian mixtures, the D term consists in K —1 proportions, K x d,, parameters for means and K xd,,(d, +1)/2
free parameters for covariance matrices :

dy(dy +1
DK:Kx(1+dy+y(;+))—1

It is important to note that these selection criteria are not designed with the same goal. For instance, the
ICL criterion includes an additional penalty term accounting for the uncertainty in classification; measured by
the conditional entropy defined in Equation . As a result, ICL tends to favor models with fewer, more
clearly separated clusters compared to BIC (see the following section and Figure for anillustration).

3.1.7 Illustration on the Bohemia meadow dataset

We now go back to be Bohemia meadow Dataset We estimate the parameters of the multivariate Gaussian
mixture model.

Influence of the starting point First, we illustrate an important feature of the EM algorithm which is the
influence of the starting parameter 6(?). For K =3, we chose randomly 200 different starting points and run the
subsequent algorithms. The log-likelihood is monitored through the algorithm, and the algorithm stops when the
increase in the log-likelihood becomes lower than 1078, Figure shows the evolution of the log likelihood along
the iterations for the multiple starting points: note that all the curves of the likelihood along the iterations are
non-decreasing, as stated in Proposition [2.3] Figure [3.3| also shows the differences in the final log-likelihood,
therefore illustrating the numerous local maxima. It is worth noting that this is not a problem per se, as one can
run (in parallel) the algorithm from multiple starting points, and choose the best based on the equation (3.3)).
This however illustrates the difficulty to find a global maxima of the likelihood in complex settings.

Choosing the number of components. The previous procedure was performed for K € {1,...,6}, and
choosing the best final point among the 200 trialslﬂ For the 6 models, we compute the three model selection
criteria discussed above, together with the negative log-likelihood and show the results on Figure We can
notice that the AIC finds a 4 components model to be the best, while the two other criteria lead to K = 3, which
is kept as the final model in the following.

Clustering results. For K =3, the best parameter (in the sense of Figure is chosen. Estimator is
then computed to cluster observations. The results are shown on Figure|3.5] The three clusters red green blue
gather respectively 20, 7, and 31 observations. The first one gathers observations having a low lead dry matter
content while the second one gathers plants with high seed weight and high LDMC. It is worth noting that this
cluster might contain an outlier (having a small SLA). Gaussian mixture models are indeed popular models for
anomaly detection (see (Chandola et al. [2009], Section 7). The third cluster is a class having no clear specificity.
Such cluster gathering together disparate observations often occur in clustering.

3.1.8 Extensions

In this section, we have detailed the computations involved in the multivariate Gaussian mixture model, including
the complete and marginal likelihoods as well as the EM algorithm updates or the model selection criterion.
However, it is worth emphasizing that the same principles apply to a wide range of other models. These include,
for instance, mixtures of linear regressions, Poisson mixtures, mixtures of log-normal distributions, or more
generally to any mixtures of distributions belonging to the exponential family (see Appendix Section . While
the specific forms of the likelihood and parameter updates may differ, the general EM framework and inference
strategy remain conceptually similar across these models.

3.2 Zero-inflated Poisson for species distribution

We now turn to another important example of latent variable models: the Zero-Inflated Poisson (ZIP) model,
which is particularly useful for count data with an excess of zero observations.

3The case K =1 does not require any EM algorithm, has it boils down to the simple estimation of a mean a covariance matrix.
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Figure 3.3: Evolution of the log-likelihood when performing EM from 200 different starting points on data set of
Table with K = 3. The algorithm stops when the increase of the log-likelihood is lower than 10 (hence the
different number of iterations for each curve).
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Figure 3.5: Best clustering (in terms of log-likelihood) for K = 3.

3.2.1 Data and question

Species distribution models (SDM) aim at understanding how environmental conditions affect the abundance of
a given species in a given site. The data are typically collected in the following way: n sites are visited and in
each site ¢ (1 <4 <n) a d-dimensional vector z; of environmental descriptors is recorded; as well as the number
y; of individuals of the species observed in the site.

OO £ Gy

c’i‘f(

WS

4

Figure 3.6: Map of the Barents sea, where data from Example were collected.

Dataset 3.2 (Cod in the Barents sea). |Fossheim et al| [2006] measured the abundance of cod (Gadus
morhua) measured in n = 89 stations of the Barents sea. In each station, fishes were captured according to
the same protocole, the latitude and longitude of each site were measured together with two environmental
covariates: depth and temperature of the water. The data are available from the |PLNmodels| R package
[Chiquet et all,[2021]. Figure[3.¢ gives a map of the Barents sea where the data were collected. Figure
gives the first few lines of the dataset and the histogram of the observed abundances, which display a large
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PLNmodels

variance and a high number of observations equal to 0: the species is actually not observed (i.e. y; =0) in
ng = 61 stations.

8 -
Latit. Longit. Depth Temp. Abundance 3
1| 7110 2243 349 3.95 309
2| 7132 23.68 382 3.75 1041 g .
3| 71.60  24.90 294 3.45 218 3 ¥
4| 7127  25.88 304  3.65 77 s
5| 7152 28.12 384  3.35 13 o |
6| 71.48  29.10 344  3.65 196 «
o J LEmI — —

T T T T 1
0 200 400 600 800 1000
Abundance

Figure 3.7: Cod abundance in the Barents sea. Left: head of the data table. Right: Histogram of the observed
abundances.

Classical Poisson or logistic regression approaches. The Poisson regression model (which is special
instance of generalized linear models, see Appendix provides a natural and well established framework for
such count data. This model states that the sites are all independent and that the mean number of observed
individuals in site 7 depends linearly on the covariates, through the log link-function:

Vi<i<n, Y P\), -~ log(\) =18 (3.12)
The model can be adapted to-account for heterogeneous sampling efforts (e.g. different observation times) by
adding a known site-specific offset term o; to the regression model:

log(Ai) = 0 +.2; 3. (3.13)

The unknown parameter 6 is only the vector of regression coefficients 3, its estimation (by maximizing the
likelihood) and interpretation are straightforward.

Still, this model suffers an important limitation because, if the species is actually absent from the site, the
parameter A; of the Poisson regression model should be zero (whatever the sampling effort), but Model is
not defined in this case.

Alternatively, one may aim at understanding the drivers of the simple presence of the species in each site.
One way is to consider the binary variable Y; = Iy,.¢ :

> 1 if the species has been observed in site @
Y= :
0 otherwise,

and to use a logistic regression model:

V1<i<n, Vi '™ Bern(m), log( T ) =zl o (3.14)

1—71'1‘

This simple approach binarizing the observations results in a loss of information, as it ignores the actual count
values beyond the binary outcome.

3.2.2 The ZIP model

A way to circumvent both limitations is to include in the model a variable Z;, that indicates whether the species
is actually present or not:

7 - 0 if the species is actually absent (and not only unobserved) in site i,
¢ 1 if the species is actually present (but possibly not observed) in site 7.
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The variable Z; is obviously latent, because not observed. The distribution observed abundance Y; can then be
defined conditionally on Z;, yielding the zero-inflated Poisson (ZIP) model, which states that

e the sites are independent,
e the binary variable Z; depends on the environment through a logistic regression model,

e if the species is absent (Z; =0), then the observed abundance Y; can only be zero, whereas if it is present,
the observed abundance depends on the covariates through a Poisson regression model.

s 2
Model 3.2 (Zero-inflated Poisson regression model). For 1 <i<n:

Z; % B(my),

g = yimd] Oy Y zi=0,
Yil{Zi=at {P()‘i) ifz;=1, ’

where dy9y stands for the Dirac mass in zercﬂ and the probability of presence and intensity of presence are
linked to covariates by:

logit(m;) := log( T ) =z a,

].—7Ti

log(A;) =z 8.

“Formally, Y ~ 079y < P(Y =0)=1
K J

Remarks.

e Again, an offset term o; can be added to the Poisson regression to account for heterogeneous sampling
efforts.

e Note that Model (3.2)) is sometimes parametrized interms of absence probability, which amounts at replacing
the presence probability w; with the absence probability 1 —m; and the vector of regression coefficients o with
—-a.

e The ZIP model is in fact a particular mixture model as defined in the previous section (Section where
the first component of the mizture is a Dirac distribution at 0, and the second component is a Poisson
distribution with parameter A. The weight is ™

The parameters of Model (3.2)) are

eobs:ﬂv elat =, 0= (aaﬂ)

where v and 8 are both vectors of regression coefficients: « encodes the effects of the environmental covariates on
the presence probability m; while 5 encodes the effects of the same covariates on the mean observed abundance
\; of the species, provided it is present in the site.

The marginal distribution of the observed abundance Y; can be obtained by de-conditioning on Z; and turns
out to be a zero-inflated distribution.

Definition 3.2. The random variable Y over N has a zero-inflated distribution ZIP(m,\) iff

\Y
P(Y =0) = (1-7)+me?, and, fory>1, P(Y =y) :7re_)‘—‘. (3.15)
y!

Formula (3.15) which can be reformulated into a unique formula:

\Y

PZIp(YZy) = (l—W)H{O}(y)+7ref)‘a. (316)
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Proposition 3.3. Under Model (3.2), the marginal distribution of the observed abundance Y; is a zero-
inflated Poisson ZIP(m;, \;).

Proof of Proposition (3.3

The observed abundance Y; is zero either if the species is absent (with probability 1 - ;) or if it is
present (with probability 7;), but unseen (which occurs with probability e ™). Then, for the observed
abundance to be y; > 1, we need to the species to be present (with probability 7;) and the count to be y;
(with probability e \Y /y;!).

Graphical model. The graphical model associated with the joint distribution pg(Y ', Z) for Model (3.2)) is the
same as this of the mixture model, given in Figure According to this model the couples {(Y;, Z;) }1<i<n are
all independent.

3.2.3 Marginal and complete log-likelihoods

We denote y = {y; }1<i<n. Because the sites are independent, the marginal log-likelihood is

logpe(y) = Zlog((l - Wi)H{O}(yi) +7Tie_)\i)‘?ih/yi!)-

i=1
Denoting Z = {Z;}1<i<n, the complete likelihood of Model (3.2)) is
logpe(y, Z) =logpe(Z) +logpe(y | Z)

=> Zlogm + (1= Z;)log(1—m) + Y. Z; (=X + yi log \; — log(y:!)) . (3.17)
i=1 i=1

3.2.4 EM algorithm for the ZIP model

( N

Algorithm 3.3 (EM for the ZIP model). Starting from 0 | repeat until convergence:
E step. For alli=1,...,n, compute:
1- 7ML oo + 7 MeA"
W - Po(Z;=1|Y;=y;) = (A= Mlyin0 +m; e E (3.18)
' (1- 7T<(h)) +aMe-a"
M step. Update the estimate of 0 as
oY = arg max ZTi(h) logm; + (1 - Ti(h)) log(1 - ;) with logit(m;) =z « (3.19)
a =1
AR
B+ < arg max ZTZ-( ) (=i +y;log A —log(yi!)) with i = exp(z] B).
B i=1
N Y

Remark. In this model, the update of the parameters at the M step is not explicit. However, having a look at
the quantities they have to maximise, we observe that they have the same form as the log-likelihood of a classical
logistic regression (z being replaced with Ti(h)) for a and of a Poisson regression (with weights Ti(h)) for B. The
optimization with respect to o and B can be achieved numerically with standard libraries dedicated to generalized
linear models.

Proof of Algorithm
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Parameter estimates.

Objective function Q(6 | O(h)). From the expression of the complete log-likelihood provided in Equation
(3.17), the integration of the latent variables Z; leads to the following formula for Q(8 | #(")):

n n
Q| G(h)) = Z Ti(h) logm; + (1 - Ti(h)) log(1-m;) + Z Tl-(h) (=i +y;log A; —log(yi!)), (3.20)
i=1 i=1
where Ti(h) =Eym[Z:|Y =y].

E step. To evaluate Q(6 | Q(h)), we only need to evaluate the conditional expectation of each Z; given the

data y, that is to evaluate Ti(h) =Eym[Z; | Y =y]. This can be done in closed form.
First, observe that, because the couples (Y;, Z;) are all independent from each other, the conditional
distribution of Z; given Y is the same as its conditional distribution given the corresponding Y; only:

Ti(h) =Epm [Z; | Y = yi]. Furthermore, because the Z; are 0/1, we know that

" = Egun[Zi | Yi = yi] = Poon (Zi = 1] Y; = ).

From Model (3.2)), we easily see that if the observed count is not zero (y; > 0), then the species is surely
present, so
]P)G(h)(Zi =1 | Y; > 0) =1. (321)

If the observed count is y; = 0, we can apply the Bayes formula:

Py (Yi=0,Z; =1) Pooy(Yi=0|Zi = 1)Py(Z; =1)
]P)g(h)()/i = 0) Pg(h) (Y; = 0)
Mg x"

= - ﬂ(h)) RO (using Equation (3.16) with y; = 0) (3.22)

Py (Z;=1|Y;=0) =

Now, combining Equations (3.21]) and (3.22)), we obtain a global formula:

rMe N (1= 7N, 50 + eMe

(h) .
7 = T(Yi) = Boan [Zi | Yi = yi] = Ly,50 + T,.-0
" (1—7T¢(h))+7%(h)ef)‘gh) ’ (l—ﬁgh))+7ri(h)e’>‘§h)

M step. We may now update the parameter § by maximizing the objective function of the EM algorithm
provided in Equation (3.20). Reminding that

mi=exp(z]a)/(1+exp(z/a)) and \; =exp(z]f),

we observe that Q(6 | ")) can be decomposed into a sum of two terms depending respectively in o and 3:

AM (@) = S logm + (1 -7 log(1 - m)
i=1
n

BM(B) = 37" (< +yilog Ai - log(ui!))

S
I
—

which can be optimized separately:

argmax Q(6 | 0™) = argmax A () and argmax Q(0 | ™) = argmax B ().
a a B B

3.2.5 Analysis of the Cod abundance in the Barent sea

We now compare the ZIP regression with the logistic regression and Poisson regression on
the cod abundances introduced in Dataset To ease the interpretation and the comparison of the regression
coefficients, the four covariates were centered and their variances were set to one. Models and can
be fitted with the R glm R function, and model with the zeroinfl function of the pscl R package.

logistic regression and the ZIP regression (3.2) models. We observe that the regression coefficients for both
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the presence probability («) and the abundance (8) are different when dealing with both aspect separately (i.e
logistic regression or Poisson regression) or jointly (ZIP regression). As the covariates have been centred, one
may focus on the intercepts, which control the presence probability and the abundance, respectively, in a ‘'mean’
site. The ZIP regression yields a higher mean presence probability than the logistic, because it accounts for the
fact that the species can be present, when it is actually not observed. As for the Poisson part (which deals with
the mean abundance), the Poisson regression yields a smaller mean abundance, as it needs to accommodate for
the numerous zeros in the data set, whereas the abundance part of the ZIP regression only deals with case where
the species is actually present.

Presence () Abundance ()
Inter. Lat. Long. Depth Temp. | Inter. Lat. Long.. Depth Temp.
Logistic (3.14}) | -1.275 -0.251 0.301 -0.387 1.994 - - = -
Poisson - - - - - | 0.010 -0.721 -0.043  0.917 2.479
Z1IP (3.2 -0.95 -0.287 0.374 -0.578 1.59 | 1.543 -0.371 -0.265 0.864  1.858

Table 3.2: Cod abundance in the Barents sea.

Presence probability. Figure (left) gives the estimated probability ’7?12 IP of presence in each station for

Example as a function of the linear predictor JJZ-T@Z TP The blue crosses indicate the probability of presence
according to the logistic regression ﬂ'ﬁog”“c: we see that the two models yield similar probabilities. Still, the
binary part of the ZIP model (encoded in 7riZ TP does not contain all information, regarding the prediction of

the actual presence of the species in a given site: the abundance part must also be accounted for.

Indeed, under the ZIP model , the sites can classified in term of actual presence or absence of the species,
using the same rule as this used to classify observations into components under a mixture model, as seen in
Section This ZIP classification is based on the estimate of the conditional probability 7;, given in Equation
(3.18). The right panel of Figure compares the conditional probability 77/7 resulting from the ZIP model,
with the presence probability 7/°9"*"“. We observed the classification based on 77/
than this based on wé"gi‘gtic, which predicts very low probabilities of presence in sites where the species has
actually been observed. This difference is greatly do the the fact that the logistic regression relies on degraded
data, that is the }7;7 instead of the observed counts Y.

is much more contrasted
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S | b ' .
— - I .
' []
@ @ | : |
o S e ' 1
= c . i L
5 2 !
g3 ¢ 2 |
= 5 L~ o o
8 i) ' s
53 B 3 :
8 g . |
a - 1
o i i
o cole =, . ]
booo, : :
< o i .
° T T T < T T T T T
-2 0 2 4 0.0 0.2 0.4 0.6 0.8 1.0
ZIP regression ZIP regression

Figure 3.8: Cod abundance in the Barents sea. Left: probability of presence according to the ZIP model (7Z17:

black curve), dots = observed presence (black dots (s): ¥; > 0, red dots (¢): ¥; = 0), blue crosses (+): probability
of presence according to logistic regression Wﬁog istic,
Right: prediction of presence according to the ZIP model (z axis) vs prediction of presence according to the

logistic regression (y axis). Blue dotted lines = 50% thresholds.

Abundance prediction. Figure displays the fit of the Poisson regression model (left) and of the ZIP
model (middle): obviously, the variability of the data does not fit the expected variability under the simple
Poisson assumption. The prediction intervals of the ZIP model better account for the additional variability due
to the excess of zeros, but are much larger.

The predictions provided by the ZIP regression model must be carefully analysed as they combine estimates of
both the presence probability 7; of the species in site i, and of its expected abundance \; conditional on its
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presence. Because the regression parameters are different for the two parameters, a high expected abundance \;
may coincide with a low presence probability 7;, as shown in the right panel of Figure[3.9] This explains the
apparently erratic behavior of the prediction interval displayed in the center panel of Figure (3.9

observed vs Poisson(f) observed vs ZIP(a, ) TIIP ys NZ1P
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Figure 3.9: Cod abundance in the Barents sea. Left: observed abundances vs predicted abundances (in log-scale)
with the Poisson regression , dotted red lines = 95% interval for the Poisson distribution (1 is added to
abundances to allow log-scale). Center: observed abundances vs predicted abundances i (in log-scale) with the
ZIP regression , dotted red lines = 95% interval for the ZIP distribution. Right: presence probability 7; and
expected abundance \; estimated with the ZIP regression . Red dots = sites where the species was not
observed.

Model comparison. We may compare the ZIP model with the Poisson regression, as they both deal with the
observed counts Y;, (whereas the logistic regression deals with the Y;). Their respective log-likelihood are

1ogp§0i“°"(y) =-1142.8 (with p =5 independent parameters),
logpgg(y) = -892.2 (with 2p = 10 independent parameters).

Models (3.12) and (3.2) can be compared with AIC or BIC:

AIC(Poisson) = —1148, AIC(ZIP) =-902.2
BIC(Poisson) = -1154, BIC(ZIP) =-914.6.

Both criteria concur to conclude to a much better fit of the ZIP regression model.

3.2.6  Using the Louis’ formula to get the asymptotic variance

To conclude this section, we use the zero-inflated Poisson Model to illustrate the use of thg\ Louis’s formula
|[Louis|, [1982] introduced in Section to estimate the asymptotic variance of the MLE 6. To make the
calculations lighter, we consider a model with no covariates, that is where, for all 1 <7 < n:

=7, X=X, andf=(mN\)

e N
Proposition 3.4. For the ZIP model without covariates, let us define:

n n
P= Z]Iyi>07 Y, = Zyz
i=1 i=1

and
1 me

R R pus s SR A S L b0

v

Then we have:
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_P+(n-P)n _ (n-P)(1-n) 2
JaSe(y)=( ™ 0 (1-m)? _(3’4 )+V( Lt )

Proof of Proposition [3.4

The proof is composed of three steps: first we calculate the derivatives of the complete likelihood, then
we compute their conditional expectation given the observed data, and, finally, we gather all these results
into the estimated Fisher information matrix.

Complete log-likelihood In absence of covariate, the complete likelihood (3.17)) becomes

logpe(y, Z) =Y, Zilogm+ (1 - Z;)log(1—m) + Y. Zi (=X +yilog A — log(y:!))

=1 1=1

=Z,Jogm+(n—-Z)log(1-m)-Z,A+Y,log\- L

where . " " N "
Z, =Y Z, Yo=Y Ziyi=) ui and  L=) Zlog(y!) = > log(y!).
=1 p=il =1 =1 =1

The expressions Y, and L derive from the fact that Z; € {0,1} and when Z; =0, y; = 0 so y; = ¥; Z;.
The same holds for log(y;!).

Derivatives of the complete log-likelihood. From this expression of the complete likelihood, we get
the derivatives

Z, n-Z 1 n n
Orlogpy(y,Z) = — - —— = Zy~—— =724~ ——
T -7 w(1-m) 7T

where v =1/7(1 - ). Besides,
Y.
ONlogpo(y, Z) = ~Zy + ==,

The Hessian is then obtained by calculating the second derivatives:

Z n—2
2 logpe(y, Z) = ——% — ——= 92, logpe(y, Z) =0, Ox2logpe(y,Z) = ——.  (3.23)
w2 (1-7)2 A2

Integration of the latent variables. Louis’ formulas then require to evaluate the conditional expectation
of the Hessian matrix and the conditional variance of the gradient vector. A quick look at their
formula enables us to conclude that we need to compute the conditional expectation and variance of
Zy =%, Z;, that is

n n n
E[Z:|Y =y]l=Y E[Z|Y =y]= Y E[Z |Yi=y] =) 7(ui) .
i=1 i=1 i=1
Denoting by n the probability for the species to be present given that Y; =0
_ e
T (l-7)+me>’

we have from Equation (3.18]) that 7(y;) = (1 - n)L,,50 + 7, S0

Ui

n

E(Z,|Y =y]=>(1-n)lys0+n=(1-n)P+ny=P+(n-P)n,
=1

where P stands for the number of sites where the species is observed: P = Yi"; I,,50. Let us now
consider the variance: by conditional independance of the Z; | Y =y, we have that

n

V[Z.|Y =y]= Y V2| Y =5

i=1
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Besides, we have demonstrated that Z; | Y =y is distributed as a Bernoulli with parameter ; = 7(y;)
provided in Equation (3.18)), so So

VIZi|Y =yl =mi(1-7:) = ((1-n)y50 +1) (1 = (L =n)Ly,50 —7)

= ((L =m0 + 1) (1 =n)(1 - Ty;50)

=(1- 77)[(1 -1) Hyi>0(1 - Hyi>0) +n(1 _]Iyi>0)]

=0
= (1-n)n(1-1Iy50),

that is :
V[Z.|Y =y] = Z;(l -m)n(1-Iy,50) = (1 -n)n(n-P).

Expression of T (#). By injecting the expectation and variance of Z, into the Hessian and the gradient,
we can now derive the required conditional moments, that is

P+(n-P)yp_ (n-P)(1-n)
2 (1-m)2

E[92:logpe(y. Z) | Y =y] = ., E[02\logpe(y,.Z)|Y =y] =0,

Y
E[0x21ogpe(y,Z) | Y =y] = —)\% :
and

V[0xlogpe(y,Z) | Y =y]=+"V[Z, | Y =y].

Example. When considering the dataAfrom Example using the ZIP model (3.2)) with no covariate, the
parameter estimates are @ = 0.7787 and 8 = 4.647, which correspond to

7=0.3146, X =104.2.

The respective (estimated) asymptotic standard deviations of the estimators are 0.04922 for 7 and 1.930 for
A and, in the present case, the asymptotic covariance between the two estimators is negligible (< 1071°). The
resulting 95% confidence intervals are then:

IC (7) = [0.2181,0.4111],  IC(A) = [100.5,108.0].

3.2.7 Conclusion

The ZIP model fits naturally within the framework of latent variable models, where the excess zeros are explained
by an unobserved binary indicator; as such, it benefits from the EM algorithm for parameter estimation, following
the same principles detailed in previous sections. Its extension to multiple species will be discussed at the end of

Section [5.3] of Chapter

3.3 Genetic structure of a population: mixture model

We now turn to a mixture model specifically tailored to population genetics data, where the goal is to identify
underlying genetic populations (or clusters) based on multilocus genotype information.

3.3.1 Data and question

Understanding genetic diversity within a population is a central question in population genetics. A natural
approach to modeling this diversity is to assume the existence of ancestral populations, from which the genomes
of individuals in the current population are derived.

Dataset 3.3 (Taita thrush). We consider the data collected by|Galbusera et al.| [2000] and further analysed
by |Pritchard et al. [2000E|. It consists in p =7 markers recorded for n =155 birds (thrushes). The markers
are microsatellites (i.e. repetitions of di- or tri-nucleotides), with respectively my = 8, mg = 5, mg = 6,
my =3, ms =4, mg=10 and my; =8 alleleﬂ. Because the birds are diploid, two alleles were recorded for
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each indwidual 1 < i < n, as presented in Table[3.3. The genotype of individual i = 2 for marker j = 3 is
hence given by the un-ordered couple y;; = {1,6}. Observe that some data are missing.

The birds were captured in 4 different locations in the south-west of Kenya: Chawia (17 individuals),
Ngangao (54), Mbololo (80), and Yale (4).

%The data are available from web.stanford.edu/group/pritchardlab/software/structure-data_v.2.3.1.html.
bFor the sake of clarity, the 22 alleles of the first marker were clustered into 8 categories, further considered as alleles

N J
Markers
i1|j=1 357=2 j=3 j=4 4j=5 j5=6 j=7| Location
L

Table 3.3: Genotypes of the first three birds from Taita thrush data set (Dataset for the p = 7 markers. The
genotype of each individual is recorded on two lines of the table.

3.3.2 A mixture model for genetic structure

Mixture model. A simple model assumes that each individual originates from one of K founder populations,

each characterized by specific allele frequencies. This model, with K populations of origin, can be described as

follows

s ™
Model 3.3 (Mixture model for the genetic structure of a population). Denoting by Z; the population of
origin of individual i and Y; = {Y;;}1<j<p the whole genotype of individual i, the model states that

ZiiidCat(w:(wl,...,wK)), 1<i<n,
Yij | {Z; = z;} " Cat (¢2,5) 1<i<nl<j<n.
where for 1 <k < K, ¢y; is the set of probabilities for each pair of alleles {a,b} € {1,...m;}?, such that:

_ | 2vkjavkie  ifa#b  (heterozygous),
¢k]({a,b})—{ ,yija Z'f(l:b (hOTfLOZngUS). (324)

The parameters of the model are
o w = [wg]ick<i the vector of probabilities for an individual to come from a given population,
® Yyja the allelic frequency of allele a € {1,...m;} at locus j € {1,...p} in population ke {1,... K},
o v the set of all allelic frequencies at each locus in each population,

that is
0= (w,7)-

The latent variables are the memberships Z; and the observed variables are the genotypes Y;.

Assumptions. Model [3.3| relies on three key assumptions:

1. The entire genome of a given individual originates from a single ancestral population, meaning that Z; is
unique for each individual 1.

2. The genotype of a given individual at different loci (markers) are independent, conditional on its population
of origin.

3. Each population adheres to the Hardy-Weinberg principle, which assumes random mating among parents,
resulting in the genotype probabilities specified in Equation (3.24)) .
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Assumption |3 determines the form of the emission probability ¢r;({a,b}) as defined in Equation (3.24]).
This assumption is both biologically reasonable for ancient or well-established populations and statistically
advantageous, as it significantly reduces the number of emission parameters 7 to be estimated.

Assumption [2|is valid primarily when the loci are sufficiently distant along the genome, thereby limiting the
influence of linkage disequilibrium. This is the case in Example which involves only seven widely spaced
genetic markers. A more flexible framework that accommodates potential dependencies between neighboring loci
is introduced in Section 1.7

Finally, Assumption [I] is quite restrictive, as it excludes the possibility of admixture—i.e., individuals having
ancestry from multiple populations—a phenomenon that is biologically plausible and often observed. This
limitation is addressed by the generalization presented later in Section which relaxes this assumption.

Graphical model. The graphical model of Model is given in Figure Its structure mainly results
from the fact that the couples {(Z;,Y;) }1<i<n are iid.

Figure 3.10: Graphical representation of the mixture Model |3 . 3| for the genetic structure of a population.

3.3.3 Complete and marginal likelihoods

Let ¢, denote the emission distribution of the whole genotype of a given individual ¢ belonging to population k.
Because the genotypes at the different locus are conditionally independent, we have that

Or(yi) =P(Yi=yi | Zi=k) = [ | ons (Wij)-
j=1

Because the individuals are independent, the log-likelihood of the observed data is then

n K
log pe(y) = Z IOg[Z Wi Pk (Yi) ] 2110ng Wi (H Grj (y”))‘| (3.25)

=1 k=1

where y stands for the set of all observed genotypes and Z for the set of all individuals’ membership.

Defining again the binary variable Z;, (i € {1,...n}, k€ {1,... K})), which is 1 if Z; = k and 0 otherwise, we
get a similar form as in Section [3.1}

n K n K
logg(y, Z) = > > Zir, (Jogwy +1og ¢i(y5)) = Z Z ik (10gwk + Z logfi)kg(yzg))

i=1k=1 j=1

3.3.4 EM for the population genetic mixture model

( M)

Algorithm 3.4 (EM for the population genetic mixture model ). Starting from 0 | repeat until convergence:
E step. Foralli=1,...,n, and all k=1,..., K, compute:

) _ widk(yi) Wk I15.; ors (vig)
kK leil wede(yi) 25{1 we H?:l &0 (Yij)

(3.26)

M step. Update the estimate of 6 as
1 n
whh) = = Zri(:).
n
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h h 2 (h
it = Z . )(yilja+yi2ja)/2z7-¢(k)'
&=

Proof of Algorithm

Objective function Q(# | #™). Using the formula of the complete likelihood provided in Equation
(13.25). The conditional expectation of the complete likelihood is

n K p
QO6™) =3 S M (logwk + Y log qskj(yij)) (3.27)
i=1k=1 j=1

where
) = Eoy [Zir | Y =y] = Eoy [Zik | Yi = yi]

because the couples (Z;,Y;) are all independent.

E step. As in Section T;k, derives from Bayes’ formula:

widr(yi)  _ wi TT5_; &rj(yij)
St wepe(yi)  Tieq we [15y dej (yi5)

ik =

At step h of the EM algorithm, the conditional probability ’7'( ) is calculated using the current estimate

(h )

= (w(h),’y(h)) plugging the estimates Vij in the respective emission distributions ¢g;.

M step. Setting to zero the derivative of Q(6 | 8")) with respect to the wy’s yields the same update
formula for the probabilities wy as in Section 3.1} at step h, we get

) — 1 i’]’i(:).
n =1

To explicitly show the allelic frequencies 7y, in the objective function , we introduce the binary
variable yilj >
1 _ ) 1 if the first allele of individual ¢ at locus j is a
Yija=) 0  otherwise

We define yizjb in the same way for the second allele. Then, the formula provided for log ¢kj({yi1j7yfj}) can
be contracted into a unique formula as:

mj mj

Yija vl I T T

Ok; (i) = Or ({vigo i) = | [0 I Ivkﬁf’ [T 2% setie
a=1 a=1

10g¢k](yw) = z ywalog%ga + Zynglog%gb + Z(yzga yzgayz]a)log2
a=1 a=1

= Z (yilja + yi2ja) log Vija +1og2 Z (yilja - yiljayilja)'
a=1 a=1

To get the update formulas for the allelic frequencies, we set to zero the derivative of (3.27)), accounting
for the constraint that the allelic frequencies sum to 1 for each locus j in each population k: ZZEI Vkja = 1.
Applying the Lagrange multipliers methods, we have

UL} 1
a’wcja [Q(G | e(h)) - Akj (Z Vkja = 1)] = (h)(yma + yz]a) )‘kj )
a=l

Vkja i=1
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which is zero for .
(h) _ (h)
’ija - )\kj = (ywa yzga)ﬂ
which can be seen as the total number of copies of allele a observed at locus j in population k, weighted by
the probability for each individual ¢ to belong to this population. Applying the constraint Zszl Vija = 1

yields

Z_: Z; (h)(yzja+y1Ja) g )\k:] Z (h) Z_:lyilja-’_z_:lyizja :2;7—1(]:1)

= =il

h+1 h h
]E)j;) ZTz(k) yzja+yz'2ja)/24 Tz(k)'

3.3.5 Selection of the number of founder populations

The number of founding populations K is usually unknown and needs to be estimated. The BIC criterion
introduced in Section can be used for this purpose. Because of the sum constraints, the number of independent
probability parameters wy is K — 1 and the number of independent allelic frequencies for marker j in population
k is m; — 1. Hence, the total number of parameters of Model with K populations is

Dig=(K-1)+K(my-p)

where m, = Zle m; is the total number of alleles at all loci. The BIC criterion for K populations is hence

BICKk =108p5, (1) ~ " [(K 21)+ K (m, )]

where Gk is the maximum likelihood estimate of 6 with K populations. The ICL criterion can defined in the
same way as

o _log(n) S log
ICLk =logpg, (v) (K-1)+K(my-p)]+ > Y 7irlog 7.

i=1

=
=

3.3.6 Analysis of the Taita Thrush dataset

Model can be used to analyse the genetic structure of the Taita Thrush population introduced in Dataset
Figure gives the log-likelihood, the BIC and the ICL criterion for K =1,...5 populations of origin: both
the BIC and ICL criterion opt for K = 3 populations. The small difference between the BIC and ICL criteria for
all' K is due to a low conditional entropy Ent[Z | Y = y], which indicates a low uncertainty in the classification:
7;r are all either close to 1 or to 0.

Figure gives the estimated allelic frequencies for the p = 7 markers in each of the K = 3 estimated
populations of origin. For example, we observe that the distribution of the alleles of marker 1 are all different,
that the second allele (orange) of marker 2 is predominant in populations 2 and 3, but rare in population 1 and
that the first allele (green) of marker 3 is quite frequent in population 2, whereas it is quite rare in populations
1 and 3. Figure gives the estimated probabilities 7;; that the bird ¢ originates from population k£ given
its genotype y; for all birds, sorted by their capture location. We observe a strong consistency between the
estimated population of origin and the capture location, as the estimated probabilities are almost the same
(and either 0 or 1) for every areas. One can see an exception for two birds from Mbololo, which have a high
probability to originate from the same population as Ngangao. Finally, we also see that the birds from Yale
seem to originate from the same founding population as those from Mbololo.
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Figure 3.11: Log-likelihood and penalized criteria for Model for the Taita thrush data set (Dataset [3.3) as a
function of the number of populations K.

Marker 1 Marker 2 Marker 3 Marker 4

Marker 5 Marker 6 Marker 7

Figure 3.12: Allelic frequencies 7y, for the p = 7 markers (1 < j < p) in each of the K =3 populations (1< k < K)
of origin of Taita thrushes (Example [3.3). Colors refer the alleles 1< a <mj; of each marker j.
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Figure 3.13: Clustering of the Taita thrushes (Example into the K = 3 inferred populations of origin. The
blue is for population 1, the the red for 2, and the yellow for 3. Data were separated depending on their 4

different capture locations.
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3.4 Linear mixed model

Linear Mixed Models (LMM) and Generalized Linear mixed models (GLMM) have witnessed a popularity
increase in the last decades, in every domain, including ecology [see [Harrison et al. |2018| and references therein].
Mixed models extend the classical linear models by introducing a random mixed effect in order to account for
dependencies between the observations. The simplest case is when one observes repeatedly a variable of interest
several times on the same statistical unit.

3.4.1 Data and question

Dataset 3.4 (Ammonium concentration in Borneo soil [Sellan et al., 2021]). We consider the (log)
concentration of ammonium (NHy) in 180 soil samples in the Malaysian part of Borneo. The samples were
obtained for 8 different soil typologies (alluvial, heath and sandstones soils) on 9 different geographical areas
(hereafter named plots). Fz’gure displays the distribution of the concentrations among each plot within
each soil.

Among other questions (see |Sellan et al.| [2021]), a question was whether the variations of ammonium could
be explained by soil typology. This naturally suggests the use a linear model (more specifically, analysis of
variance, or ANOVA). However, the fact that some observations originate from the same geographical area
(statistical unit) breaks the classical independence assumption in linear models. Indeed, one might expect that a
(positive) correlation exists between measurements taken from the same plot. Linear mixed models explicitly
account for this correlation structure of the data by introducing a latent variable in the modelling framework. In
the specific context of mixed models, this latent variable is commonly referred to as a random effect.

3.4.2 The linear mixed model
3.4.2.1 Guiding example: A single random effect on the intercept

Notations. We consider a set of n observations coming from J (J < n) statistical units, typically a geographical
area or a lineage, such that for each statistical unit j, there are n; observations, and so n = Z}]=1 n;. We denote
y;; the ith observation of the jth statistical unit (1 <j <J, 1<i<n;);4;; € R. x;; € R? is the set of covariates
for this observation. As classically done in statistical models, the first element of x;; is 1 (corresponding to
the intercept of the linear model), and qualitative variables are encoded with binary Variablesﬂ We denote by
y the vector of observations sorted by statistical unit (i.e, ¥ = [y11,---Yni1:Y12,--->Yn,s]"), and X the n xp
design matrix whose rows are given by the x;;. We denote by U the n x J design matrix that describes how the
observations are spread among the statistical units. More specifically, we define U = [ |1<in<n,1<j<s, Where u;;
is 1 if the observation ¢ has been made on the statistical unit j, and zero otherwise.

Considering Example we assume that the statistical unit (the plot, in our example) only affects the
response through the addition of the constant. y is the realization of Y whose distribution is defined below.

s 2
Model 3.4. Linear mized model (one random effect)

Using the above notations, we assume the following model:

Z; M N(0,4?), 1<j<J,
Yij|{Z:z}fid/\f(x{j,6’+zj,02) l<j<Jl<i<n,,

where € RP, 02 e R, 72 € R, are unknown parameters. This model can be written equivalently in its matriz
form:

Z ~ N;(0,7°1)), Y |[{Z=2}~N,(XB+Uz,0°1,).

where 1 is the identity matriz of size J.
Y

4More precisely, a level of reference is set, and the level to which an observation belong is encoded using K — 1 values with only
zeros except, at most, a 1. For instance, for soil typology of Dataset we set "alluvial” as the reference level, "heath” as the
second level and ”"sandstone” as the third one. Thus, an observation of type ”alluvial” will be encoded as (0,0), of type "heath” as
(1, 0) and of type "sandstone” as (0,1). The corresponding z; is then either (1, 0, 0), (1, 1, 0) or (0, 1, 0).
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Figure 3.14: Concentration (in log;, scale) of NH, in Borneo soil samples. The different plots correspond to
different geographical areas. Each boxplot is built from 20 observations.

Graphical model and dependence structure. The graphical model corresponding to Model is depicted
on Figure [3.15]

It is worth noting that this model is equivalent to modelling the covariance. Indeed, one can reformulate the
model as follows: for any observation i (1 < i <n), let u(¢) = j if the ith observation belongs to statistical unit j.

Then we have . .
Y = 2] B+ Zuy + B, By S N(0,02), 2 SN (0,42) 1< < J, E; 1 Z;.

Then, we have that:

E[Y;] = I;ﬂa VIYi] = o+ 727 Cov (v;,Yy) = { 32 i Zgg j ZE;%’

)

SO
0 if w(i) +u(i")
iy Yir) = . : re
Cor(Y3, Yir) { V2 (2 +02) if u(i) = u(i').
This last equation illustrates an interesting feature of linear mixed models, which is the decomposition of the
variance of the observations. The correlation is a percentage of total variance (the sum at the denominator) due

to the statistical unit (whose variance is at the numerator). This ratio is a possible measure for heritability in
studies where the latent variable models the lineage effect, as it measures the percentage of variability due to the

' 2
SPpw GOB GOV

Figure 3.15: Graphical model for Model

3.4.2.2 Towards multiple random effects

Motivating example and notations One could imagine extending Model to different statistical unit
(for instance, different plots but also different lineages), but also that the change of statistical unit modifies the
relation between the observations and the covariates (in other words, it does not only modify the first element of
the vector (), resulting in a random interaction term. For instance, let’s imagine we observe the yield of crops.
The crops are planted on J different fields, and come from K different lineages. We denote y;;i the observed
yield for the ith crop of the kth lineage on the jth field (1< j < J,1 <k < K,1<1i<n;,. Each crop is watered
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with an amount of water x;;; € R. The assumption is that the field affects the overall yield, and that the lineage
affects the effect of watering on the yield of the crop (thus both the intercept and the slope of the linear relation).
This implies to have one latent variable per field and two latent variables per lineage. Model then becomes:

Z} iid ,/\/(07%2)7 1<j<J (Field effect),
Z? fid N(Oﬁg), 1<k <K (Lineage effect on the intercept),
7z iid ./\/'(0773), 1<k <K (Lineage effect on the slope)

and

ind
Yije |[{Z =2}~

N(Bo+zj + 2k + (B + 2)Tije, 07), 1<j<J, 1<k<K, 1<i<nj.

Thus, we have d, = J+2K independent Gaussian latent variables, which play a role analogous to the 3 coefficients
in the conditional distribution of Y given Z, as they affect linearly the expectation of Y | Z. Suppose in general
that we have d, independent Gaussian latent variables, defined with r blocks of random variables. Each block
is made of m; i.i.d. centered Gaussian variables having the same variance 'y]z (I <j<r). In our motivating
example, r = 3, and m; = J, mg = m3 = K. We denote Z; the vector of m; i.i.d.random variables having variance
i

This leads to the following generic formulation of the linear mixed model.

s ™
Model 3.5. Linear mized model (general formulation)

Z NNdz (0,T)
Y |Z~N,(XB+UZ,0°1,).
where
T is a d, x d, diagonal matriz with r different values 73,...,v2, each repeated my,...,m, times
respectively

T = diag(Vilmy,- -, 1m,),
o 3 eRP is an unknown vector of coefficients,

o X (respectively U ) is a design matriz of dimension nxp (resp . nxd,) for the fized (resp. random)
effects.

The parameters of this model are:

9=(ﬁ7027’7%7"'7’73) *

3.4.3  Complete and marginal log-likelihoods

We first observe that, under Model the marginal distribution of the observed variables Y has an explicit
form.

Proposition 3.5 (Marginal distribution of Y in linear mixed model). The marginal distribution of Y in

Model[3.5] is given by
Y ~N,(XB,0°L, +UTU"). (3.28)

Proof of Proposition (3.5
This is a direct application of Proposition (Appendix |A.1.2)) to Model

Proposition leads to an alternative formulation of the linear mixed model that does not rely on latent
variables.

Model 3.6 (Equivalent formulation of the linear mixed model with one random effect). Using the above
notations, and assuming that observations Y1,...,Y, are ordered thanks to the statistical units (i.e., the
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first nq observations belong to the first statistical unit, and so on...), Model 18 equivalent to:

Y =X3+E, E ~N,(0,%), Y =01, +UTU".

The following lemma shows the expression of covariance matrix 3, its determinant and inverse, in the context
of Model These expressions will enable us to write the log-likelihood.

( N

Lemma 3.1. Under Model[3.4, using the notations of Model[3.6, we have
B, 0 ... 0
g=| 9 B (3.29)
0 cee ... By,
where for 1< j<J, By, s anj xn;:
72 +0? 72 . 72
2 2. 2
B, -| 7 Vi +o v
2 2, 2
v Y H T pyxn,
Moreover, we have
B! 0 0
=i
HE i I
0o ... ... B}
where, for 1 <j<J
- 1 72
B ==y, - ——5—51n;xn; » 3.30
0-2 02(0'2+771j’}/2) L] ( )
where 1y,,xn; 18 a nj x nj matriz filled with 1. Finally, we have :
J
%] = (62)"7 x [I(e 2+ niv?), (3.31)
N = J
Proof of Lemma [3.]]
Under Model we have I' =42 ; and U is a n x J matrix:
10 0
2 nq
10 0
1 0 1,, O 0
_ : ng 0 1n2
&7 01 ... 0 N :
P 0 1,,
0o : ... 1
0o : ... 1
—_—
J
So
1nisn, 0 0
UTU™ = 2 0 Nopsgom  ooc :
0 T
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which proves Equation (3.29) (after addition of ¢21,): ¥ =UTU + 0?1,
Then, as ¥ is block diagonal, it’s inverse is also block diagonal. Remarking that, for 1 < j < J, we have

2 2
By =07 Lo, + 7 Loy, s

we can check easily (using that Lyxn; X Lnjxn; = njlnjmj) that B;} of Equation ({3.30)) is indeed the inverse
of By;. Now, we have that:

J
15 = [1|Bn,] - (3.32)
j=1

Note that 1,,xn, is a matrix of rank one and that the vector 1, is a eigenvector with eigenvalue n;.
Then, if we consider any orthogonal basis (1nj SV, vn],) of R™, all these vectors are orthogonal eigen-
vectors of By, and their eigenvalues are, respectively, (o2 + nj’yg) for the vector 1,,, and o2 for the vectors
V2,...,Up;. S0, as the determinant is the product of eigenvalues, we have

|BnJ| _ (0_2)nj—1(0_2 + nj')/2)

which we can plug in (3.32)) to get

J Jl
%] = Ul ((6*) 71 (0® +1j7%)) = (6*)"7 x [11(02 +1;7°) .

Log-likelihood. Then, thanks to Model[3.6|and Lemma[3.1], we have an explicit expression for the log-likelihood:

logpu(y) =~ log(2m) S log[] - 3 (- X8)" 7 (y=X5) . (3.33)

For instance, in the guiding example (Model , we can write all terms of the log-likelihood explicitly thanks
to Lemma 3.1

Complete log-likelihood. Following the latent variable approach of this book, we focus on the latent variable
formulation given by Model and we derive the quantities required for an EM algorithm. Let’s start by
writing the complete log-likelihood.

J
logpo(y, Z) = ) logpe(y | Z) +logpe(Z)

Jj=1

_ n 2 1 2 1 1 Tr—1 .
——§logo —ﬁHy—Xﬁ—UZH —§log|F|—§Z ™ Z +cst

1 1 1
= Tlogo® - 5 (ly- XBI” -22"U (y - XB)+ Z'U'UZ) - S log|l| - - Z' T Z +est
2 202 2 2

1 1
=59 (nlog02 +— (||y— XB|*-2Z"U"(y- XB) +tr(ZZTUTU)) +log|T) +tr(ZZTF_1)) + cst.
o
(3.34)
The last equation derives from the fact that Z'U'UZ € R so : Z'U'UZ = tr(Z'U'UZ). Moreover,
tr (AB) =tr (BA),so Z7U'UZ =tr(ZZ'U'U).

3.4.4 EM algorithm

Using the previous formulation of the complete log-likelihood, we are able to write de objective function and we
obtain the EM algorithm.

Algorithm 3.5 (EM for the linear mixed model ). Starting from 90 = (5(0),02’(0),1"(0)) as defined in
Model [3.5], repeat until convergence:
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E step. Compute:

-1 1 -1
OM =V, [Z|Y =y] = ((r<h>) * UTU) : (3.35)
1
m"M =By [Z | Y =y] = B0 oMU (y-xpM). (3.36)

M step. Update the estimate of 0 as
plr+D) _ (XTX)-l xT (y _ Um(h))
2,(h+1) _ l( _ xghn)? _ M\ (4 - X 8D T (h) 4 (W) (T )
o =y~ X"V —2(Um®)" (y - X"D) + 10 (UTU (0P +m® (m™)7))
For1<j<r:

2,(h+1) _ 1 (hy | (h) (. (W\T
7; —mjtr(Oj +m; (mj )),

where m§h) is the block of size m; of m™ corresponding to the posterior mean of vector Z; and O;h)

is the corresponding diagonal block of size mj; x m; of oW,

Proof of Algorithm

Objective function Q(0 | G(h)): We derive the objective function of the EM algorithm from the complete
log-likelihood ([3.34) as

Q0] e(h)) =Epu[logpe(y, Z) | Y =y]
1 1
-3 (n10g02 + = (ly- X8I - 2By [Z | Y =] U (y - XB))) (3.37)
1 -
-5 (tr (Egn[ZZ7 | Y =y|UU) +1og[T| + tr (Egoy [ZZT | Y = y]T7")) + cst,
E step: From Equation (3.37)), we see that the E step requires the evaluation of m™ =Ey[Z | Y = y]

and O™ =V,u,[Z | Y =y]. Proposition states that the distribution of Z | {Y =y} is Gaussian
with variance and expectation given by Equations (3.35) and (3.36)). Proposition then gives

Ee(h)[ZZT Y = y] =oW 4 m<h)(m<h))T.

M step: The update formulas for the model parameters are obtained by setting the derivatives of (3.37)
to zero. Note that the expression of 3(**1) is the expression of the least square estimator of 3 in the
linear model, where the observations are here y — Um™.

3.4.5 Confidence intervals for the fixed effects

The linear mixed model is a case where the computation of Louis’s identity is feasible. We illustrate it here on
the parameter 8 which is the parameter of interest in practice, for example to assess the significance of the effect

of a covariate.
/ N

Proposition 3.6 (Asymptotic variance of B) Let’s denote B, 62, 4%, O and ™ respectively the maximum
likelihood estimators of the parameters and the EM estimators for the posterior moments. Under Model [3.5],
B is asymptotically independent of 6% and 437.,., and the asymptotic variance is estimated by

-1
V[3]=5" (XTX - %QXTU(?UTX) :
g
- J

A reader familiar with the linear model would recognize an expression close to the one of the variance of B
in the classical linear model. One can therefore directly identify the modification of the variance due to the
inclusion of the random effects. The proof of this Proposition is postponed to Appendix
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Figure 3.16: Ammonium dataset (Example . Evolution of the estimates of 5 along EM iteration for the
linear mixed model (Model . The five colours correspond to five different starting points.

3.4.6 Illustration on the concentration of ammonium on Borneo soil

We illustrate Algorithm [3:5] on the Dataset [3.4 As indicated in Section [3:4.2.1] the fixed effect is given by a

qualitative variable (the soil type). As classically done in this context; the parameter § = (1, 82, 83) gathers

respectively the expected value of the log;(NH, concentration on the reference soil (which is the alluvial). Thus,

the expected log;,NH, value is 5; for the alluvial soil, ;1 + 32 for the heath soil, and £, + 33 for the sandstone

soil. Figure displays the evolution of the estimates for these three parameters along the EM algorithm,

startirom five different initial values. One can see that all trajectories converges toward the same point.
3.4

Table gives the estimates for the five parameters of the model. The estimated covariance matrix for B is

{0009 . -0.009 -0.009
V[B8]=]-0.009 0.018  0.009
-0.009 - 0.009  0.018

Using these results, we display on Table the 99%confidence intervals for the expected log concentration
of ammonium in each soil type. We can conclude that the sandstone is significantly (at level 1%) richier in
ammonium than the heath soil.

An interest in using the EM algorithm is to check the estimated distribution of the random effects, which here
model a spatial effect. Figure displays the estimated conditional densities of Z; | {Y =y} for the 1 <j <9,
corresponding to the 9 plots of the experiment. One can see that the conditional means range from (-0.3) to 0.3,
values which can be compared to the estimates of Table The conditional standard deviation is the same for
all plots as the design of experiments was balanced (20 observations per plot), and is rather small (about 0.05).
The inspection of such effect could lead to further investigation to check if these effects are structured spatially.

Finally, we look at the percentage of the variability in ammonium that is explained by the spatial effect (the
plot). The residual variance o2, estimated at 0.025 (Table and the variance due to the plot, 42, estimated
here at 0.055. Therefore, one can see that the plot is responsible for 0.025/(0.025 + 0.055) ~ 31% of the variability
in this dataset.

3.4.7 Conclusion

Linear mixed-effects models are particularly useful in ecology, where data often exhibit hierarchical or nested
structures—such as measurements taken across different sites, or individual organisms—making it essential to
account for both fixed and random sources of variation. Although one could perform direct likelihood optimization
(using the explicit form of the likelihood in Equation ), using the EM algorithm to estimate parameters in
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Parameter Estimate

B 0.491
B2 -0.361
B3 0.309
o? 0.055
~2 0.025

Table 3.4: Ammonium dataset (Example [3.4). Maximum likelihood estimates for parameters of Model ref-
mod:lmm). B; is the mean log,, concentration of NHy on alluvial soils, while 82 and S5 are the modification to
this reference value due to the heath soil and sandstone soil respectively.

Soil Expected logi1oNHy  99% confidence interval
Alluvial 0.491 [0.246, 0.737]
Heath 0.130  [-0.115, 0.376]
Sandstone 0.801 [0.555, 1.046]

Table 3.5: Ammonium dataset (Example . Asymptotic 99% confidence intervals for the estimated log;q(NH4)
for each soil type. At risk 1%, we conclude that the sandstone soil has a significantly higher concentration of
ammonium than the heath soil.

linear mixed-effects models is often advantageous, as it naturally accommodates the unobserved random effects
by iteratively estimating their expected values and updating model parameters, leading to improved numerical
stability and convergence in complex or high-dimensional settings.
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Figure 3.17: Ammonium dataset (Example [3.4). Estimation of the conditional density of the latent variables
in the linear mixed model. Each density (color) correspond to a plot in the experiment (and thus to a spatial
effect). Positive values correspond to a plot where the ammonium concentration is higher than expected due to
the sole effect of the soil.

3.5 Probabilistic principal component analysis

Dimension reduction is a classical task in data analysis and visualization, and Principal Component Analysis
(PCA) is one of the most prominent methods for achieving it. Although often approached from a purely
operational perspective, dimension reduction implicitly relies on a latent variable representation. It assumes that
the observed data have an overly high dimensionality, and that most of the information or variability can be
captured by a small set of underlying (latent) variables. In this section, we revisit PCA from the perspective of
latent variable modeling.”

3.5.1 Data and question

We illustrate the model, its interest and its inference on an ecological dataset gathering morphological traits on
fish species in the Gulf of Mexico [Villéger et al|[2012].

Dataset 3.5 (Fish species in the Gulf of Mexico |Villéger et al|[2012]). |Villéger et al| [2012] measured
p =16 continuous traits among n = 47 fish species living in the Terminos Lagoon (Gulf of Mexico). Table
gives the list of the morphological traits; The data are available from the CESTES database
. The distribution of the traits among the species displayed in Figure shows correlations between
the traits, indicating redundancies that may result from few underlying latent morphological characteristics.
Because the different traits are measured with different unit, the dataset is classically scaled so to set the
variance of each trait to 1.

logM  Mass OgSf  Oral gape surface OgSh  Oral gape shape

OgPo  Oral gape position GrLg  Gill raker length GtLg  Gut length

EySz  Eye size EyPo Eye position BdSh  Body transversal shape
BdSf  Body transversal surface PfPo  Pectoral fin position PfSh  Pectoral fin aspect ratio

CpHt Caudal peduncle throttling CfSh  Caudal fin aspect ratio | FsRt  Fins surface ratio
FsSf  Ratio Fins surface/body size

Table 3.6: Fish species in the Gulf of Mexico (Example . Traits recorded by |Villéger et a1.| ﬂ2012ﬂ.
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Figure 3.18: Fish species in the Gulf of Mexico (Example . Distribution of p = 16 traits for n = 47 fish species
from the Terminos Lagoon.

3.5.2 Probabilistic principal component analysis model

The data are a collection of n vector of morphological traits y; of length p. Rephrased in terms of a latent
variable model, dimension reduction amounts at supposing that the observed p variables are actually linear
combinations of ¢ < p latent variables, up to some random noise. More specifically to each species i (1 <7 <47),
we associate a g-dimensional random vector Z; with zero mean and identity variance matrix. y; is the realisation
of Y; which is assumed to be is the sum of a p-dimensional mean vector u (set to 0 when the data is centered),
plus p linear combinations BZ;, B being a p x ¢ matrix B = [bj¢]1<j<p,1<¢<q, Plus a noise random vector E;, with
variance O'ZIP. As this formulation is based on a full probabilistic construction, this model is called probabilistic
PCA [pPCA [Tipping and Bishop), [1999].

Model 3.7 (Probabilistic Principal Component Analysis).

Z; " N (0,1,), 1<i<n,
Y; [{Zi = 2} " N (p + Bzi,0%1,) 1<i<n.
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The set of parameters of the pPCA model is hence
0= (1, B,o%).

In the sequel, we denote by Y = [Y{"...Y,]]" the n x p observed variable matrix, by y its realisation (the data
matrix), and by Z = [Z] ... Z]]" the n x ¢ latent variable matrix.

Remarks.

o [t would be easy to account for available covariates gathered in a vector x; by replacing the mean vector p by
an observation specific vector p; = [ij]1<j<p, taking pi; = x] B; where B; is the set of regression coefficients
for the jth trait in Y;. For the sake of clarity, we do not develop this model here, but the adaptation is
straightforward.

e One can notice a resemblance between Model[3.7 and Model[3.5 Indeed, probabilistic PCA can be seen as
a generalization of the linear mized Model [3.5 in two ways:

1. the response variable Y is multivariate,

2. more importantly, the equivalent of the design matriz U in Model[3.5] is B in Model [37, but it is
unknown.

Graphical model. The graphical model is the same a this of the mixture Model given in Figure
The random couples {(Y;, Z;) }1<i<n are independent and identically distributed, as well as the observed vectors

{Y—i}lsiﬁrr
3.5.3 Complete and marginal log-likelihood

Marginal, joint and conditional distributions. As for any 1 < ¢ < n, the conditional distribution of Y;
given Z; under Model is Gaussian, and depends linearly on Z;, the marginal distribution of each Y; is (by
Proposition also Gaussian, and we have:

Y, M N, (1, D) where X = BBT+ %L (3.38)

The joint distribution of each couple (Y;, Z;) is a multivariate Gaussian (Proposition [A.4]):

el o) am

Using Proposition (Appendix , the conditional distribution of Z; given Y; is
Z| {Y; =y} ~ N(B™S 7 (y; - ), I, - B'S7'B). (3.40)

Log-likelihood. Because Model (3.7) assumes that the observations (species) are independent, using Equation
.38 the log-likelihood of the observations writes

n n 1& np
logps(y) = > logpe(Y;) = -5 log|=| -5 SV = 3 - 5 log2m. (3.41)
=1 =1

Complete log-likelihood. The complete log-likelihood derives from the same independence structure and
from the conditional distribution of Y | Z given by the Model. We get
logpy(ys Z) =logpe(Z) +logpe(y | Z) (3.42)

1 & 2 np s 1 & 2 n(p+
EE—— 7 1° - —1lo [ Y. —u-BZ:||" -= —=~
9 ;:1: 1Z;] 5 go 902 ;:1: 1Y = il 5

Identifiability. As in the standard geometric PCA, the matrix B is actually given up to a rotation in RY.
Indeed, consider any ¢ x ¢ orthonormal matrix O (i.e. OTO = 1), and define C' = BO, we have that

CC™ +0%1,= BOO'B" + 0’1, = BB" + 0’1, = %,

which means that the matrix B can be replaced by the matrix C' in Model (3.7)), without changing the distribution
(13.38)) of the observed data pg(y). This implies that, without additional constraints, B can only be identified up
to an arbitrary rotation.
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3.5.4 EM algorithm

Explicit maximum likelihood estimates. As already seen before (for instance in Section [3.4]), not all
latent variable models require to resort to the EM algorithm. One may easily check that the observed likelihood
logpg(y) given in (3.41)) is maximal when u equals the vector sample of mean of y:

1
/J’ = 7yT1'fL7
n

independently from the variance matrix 3. The maximization of logpy(y) with respect to B and a2 is a bit
more involved but turns out to be similar to standard PCA. Namely, we denote by S the empirical covariance
matrix of y:

1 — —
S=—(y-1a") (y - 1.70")
and by X = [A1...),] the vector of its ordered eigenvalues (Ay > Ag > --- > X,) and by P the matrix of its

eigenvectors, so that S = PAPT, with A = diag()). [Tipping and Bishop| [1999] (Appendix A) show that, for a
given dimension ¢, logpy(Y') is maximal for

6'\2 = Z )\g, Eq = [P1 e Pq] diag(’y1;q), where Yiq = [)\F _82]1§€Sq (343)

where Pj,... P, are the first ¢ eigenvectors of S (up to any orthonormal rotation). As a consequence, the
reconstructed variance matrix ¥, = qug +E§Ip has the same first ¢ eigenvalues and eigenvectors as the empirical
covariance matrix S, and its last p — g eigenvalues are set to the mean of the last p — ¢ eigenvalues of S.

EM algorithm in the presence of missing data The direct estimation procedure described above is
computationally efficient, but does not apply in presence of missing data, namely when for some observations,
not all the variables where measured. In this case, the likelihood logpg(Y") does not have the simple form given
in Equation any more [see also [Josse et al., [2011]. Indeed, denoting O; < {1,...p} the set of variables
measured on species i (the other being missing), the observed vector Y; is reduced to its components in O;:
Y: 0, = [Yijljeo,. Defining po,, Bo, and Lo, in the same way, that is:

po, ={u;}jeco,,  Bo, ={bji}jco, 152y Lo, = (Bo,)" Bo, +0°Lyo,),

the joint distribution of (Y; 0,, Z;) becomes

Yi,Oi ~ N HO; Eoi . BOi
Z 0, || Bo)” 1,
and the conditional distribution of Z; given the observed (incomplete) Y; o, can still be defined using Proposition

from Appendix

Obviously, the way missing data are spread among the (fictitious) complete n x p dataset can affect the
inference. Intuitively, the identification of the parameter 6 = (u, B) for any 1 < ¢ < p requires that each traits j is
observed for at least two species i and " and that each pair of traits (4, k) is observed at least for one species 4.
In addition, a systematic censoring of certain observations (e.g. always missing small values) may clearly bias
the inference. The missing at random assumption [see [Rubin) [1976] is sufficient to avoid such biases.

( )

Algorithm 3.6 (EM for the probabilistic PCA). Starting from 6(©) = (u(o),B(O), (02)(0)) as defined in
Model[3.5, repeat until convergence:

E step. Compute:

Bzl Yoo, o= (BY) BV (mor-sl), (et
Q™ = Vo2 | Yio, =wi0.] = I, - (BS) (zg‘))_l g (3.45)
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M step. Update the estimate of 8, setting, for all1<j<p

(h+1) 1 B (1)
L = Yij — m, 3.46
"y & e Bem®) (3.40)
=il
B - (2 (g =" (m§h))T) (2 m® (m™M)" + Qﬁ-h)) : (3.47)
1€A; 1€A;

o2 ) oL ¥
= gyl

2 T
vio -G - BE P v ((BS) BEQP)). (as)

where B; is the jth row of the matriz B, Bj o, = [bje]eco, and A; is the set of observations for which
the jth trait has been recorded: A; ={i:jeO;}.

Proof of Algorithm
E step. The complete log-likelihood ([3.42)) can be rewritten as
1 n
Inge(yO’ Z) = _5 Z HZlHQ ) Z ( Q(yi,(’)i - /"Loi)TBOiZi + HB(9121||2) + cst, (349)
i=1

where the constant does not depend on Z. As the couples {(Y; 0,,Z;)} are all independent, the conditional
expectation of any function of Z; given Y o = yo is the same as this given Y; o,. This indicates us which
conditional moments of each Z; we will need to evaluate the objective function Q0| 6™ at the E step h
of Algorithm [2.1] . More specifically, given the current estimate ") we first must evaluate

m®™ = Bow [Zi | Yo = yo].-

We find the proposed expression in (3.44) as the direct restriction to O; of Equation (3.40). The evaluation
of Q(A | #™) also requires to compute Ee(h)[”Zi I’ Yo = yo] and ]E(,(h)[”BZiHQ |Yo= yo]. Now if we

define Qgh) as in (3.45) (again, its expression is given by the restriction of (3.40) to the observed data), we
have, by Proposition (Appendix |A.1.1))

Ego[1Zi | Yeo, =m0, ] = [m®| + (@)

Ee(h)[HBZ,- H2 Yio, = Z/z‘,oi] _ HBmgh)HQ e (BTBQgh)) |

M step. The objective function Q(# | ™) can be written in different ways to get the update formulas of
u, B and o2

Q(O0™) = % (i lros 1 - (yi,oi = Boimgh))T,u) +est(p)
%i::( Yi,0, — b — Bo, m( )H +tr((B(9) Bo Q(h))) #logf-kcst(f)
QL Zf: (HBO m(h)H +tr((BO )" Bo, Q(h)) 2(yi,0, — 1o,) Bo,m; )) +cst(B)

where cst(z) means that the remaining term does not depend on p (resp. B and 02). The update formulas
are obtained by setting the derivatives of Q(8 | H(h)) with respect to each parameter to zero. We refer the
reader to [Tipping and Bishop, (1999, Appendix B] for the detailed computations that lead to (3.46])-(3.48).

3.5.5 Choosing the dimension of the latent space

A major advantage of the probabilistic version of PCA over standard PCA is that likelihood theory provides
access to classical model selection criteria, such as AIC or BIC (see Section [2.4)), for selecting the number of
latent dimensions ¢. In the absence of a probabilistic framework, the latent dimension ¢ q is often determined by
visually inspecting the spectrum of the empirical covariance matrix.

65



Since the eigenvectors are orthonormal, the number of independent parameters of Model for ¢ latent
dimensions is

D +

4 + i +(p-D+(@-2)+...(p—-¢Q) =1+p+q(2p-q+1)/2.

Ao A Py,..P,

=1
—
o2

p
—~—
nw

Whenever the data set has been scaled to set each variance to 1, the sum of the eigenvalues is constraint to be ¢
and the number of independent parameters is decreased by 1: Dy =p+¢(2p—¢g+1)/2. The AIC and BIC are
then defined as in Chapter

3.5.6 Visualization: shrinkage effect

PCA is most often used for visualization, each observation being associated with a point in a small dimension
(typically two). Equation (3.40) provides a prediction of each latent vector Z; as we may evaluateﬂ

M = B[ Z; | Yi] = BTS™N(Y; - ) = diag(y1:)[P1 - - - P,]" Pdiag(A\) ™' P™(Y; - )

A :|1<e<q)[P1.“Pq]T(Yi_ﬁ),

which is the probabilistic counterpart of the normalized PCA scores

7, = (diag([1/v/Ne)rsesq) [P - Pa]"(Y; - ).

The comparison of the two shows the so-called shrinkage effect induced by the probabilistic modelling. Indeed,
for each observation 1 <7 <n and latent dimension 1 </ < g, we have that

TT’L”’/ZUZV ()\5—32)/)\5 <1,

which means that the coordinates of Mm; are each pushed toward zero, as compared to this of the PCA score
vector Z;. This shrinkage is more severe when )\, gets smaller, that is when ¢ increases.

3.5.7 Data analysis by PCA

We now apply the Probabilistic PCA analysis to Dataset described at the beginning of this section.

Choosing the best latent space dimension The left panel of Figure displays the log-likelihood and
the AIC and BIC criteria for Example [3:5] While BIC select gpc =4 latent dimension, AIC does not suggest
any significant dimension reduction (¢ = 14), which is consistent with the last remark of Section

The middle and right panels of Figure compare the p = 16 (cumulated) eigenvalues of the empirical matrix
S with the (cumulated) eigenvalues of ¥, for ¢ =4 and ¢ = 14 dimensions, and illustrates the averaging of the
last p= ¢ eigenvalues of S. Because the number of latent dimensions selected by AIC (g = 14) is close to the total

number of traits (p = 16), the corresponding eigenvalues are almost the same as these obtained with the classical
PCA.

In the absence of a probabilistic framework, the latent dimension ¢ would have been determined by visually
inspecting the spectrum of the empirical covariance matrix, that is, by examining the center or right panel of
Figure [3.19] In Example [3.5] the eigenvalues decrease rather smoothly, making this choice far from obvious,
especially when considering the cumulative eigenvalues (right panel).

Shrinkage effect When considering ¢ = gg;c latent dimensions for the traits from Example the estimated
residual variance is 3> = 0.378 and the first (square-rooted) eigenvalues \/Az, corresponding 7, and shrinkage
coefficients are:

¢ | 1 2 3 4
oY 2.197 1.669 1455 1.319
Yo 2.109 1.552 1.319 1.168

Ve —32)/A¢ | 0.960 0.930 0.906 0.885

Figure illustrates the shrinkage effect. The red dots resulting from the pPCA inference (7;) are closer to
zero than the corresponding scores Z;. The shrinkage is weaker for the first latent dimensions (1 and 2) than for
the last ones (3 and 4).

5In the following of this section, we dropped the subscript ¢ from estimators of Equation (3.43)), for sake of readibility.
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Model selection
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Figure 3.19: Fish species in the Gulf of Mexico (Example . Left: Log-likelihood (black solid line and dots

—e) for Example and AIC (blue dashed line and circles - - o) end BIC(red dotted line and triangles ---A)
criteria, as a function of the latent dimension g. Center: Eigenvalues of the empirical covariance matrix of the
same example (black solid line and dots —e) and of its reconstruction with ¢ = 4 (red dotted line and triangles
~-A) and g = 14 (blue dashed line and circles - -o) latent dimensions. Right: Cumulated eigenvalues of the
empirical covariance matrix. Same legend as center panel.
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Figure 3.20: Fish species in the Gulf of Mexico (Example [3.5). Illustration of the shrinkage effect. Dots
correspond to each of the n = 47 species. Black dots = PCA score Z;, red dots = conditional expectation of
the latent variable m; = E5{Z; | Y;] under the pPCA Model Left: latent dimensions 1 & 2. Right: latent
dimensions 3 & 4.

3.5.8 Imputation of missing data

Another interesting feature of the probabilistic version of PCA is that it provides a prediction for the missing
observations. We denote by M; = {1,...p} \ O; the set of missing variables for observation ¢ and by Y; o, =
{Yij}jem, and by Y aoq = {Y; a1, b1<icn the whole set of missing data. Taking advantage of the dependence
between Y; o, and Y; a4, induced by the common latent variable Z;, Y; a4, can be imputed, that is predicted
conditionally on Y; »,. The graphical model of Model is then given by Figure (3.21)).

Observe that all the triplets (Z;,Y; o,,Yi am, ) are independent and that, because Yo, and Y; s, are independent
given Z;, the complete likelihood of the 'full’ data set Y = (Y o, Y aq) is

logpe(Y,Z) =logpe(Yo,Y m,Z) =logpe(Y 0,Z) +logpe(Y m | Z)

where log po(y e, Z) is given by Equation and where the last term log pg (Y A | Z) only involves unobserved
variable, so that it does no contribute to the inference.

Now we want to predict the missing observations by 17”\/1 = Ep[Yim, | Yio, = yi,0,]- To do so, we need to
express the joint distribution of ()Y; 0,,Yi m,, Z;) according to Model We may define pag,, Ba, and Xy,
in the same way as po,, Bo, and Yp,. We also need to define XM = [0k ] je0; kem and Ty, o, = (2O Mi)T,
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Figure 3.21: Graphical representation of the probabilistic PCA Model with missing observations).

The joint distribution of (Y;.0,,Y: m;, Zi) according to Model is

Yi.0 Ho; Yo, 50 M Bo,
Yim, [~N|[| o |, EM,,,O% Xm, ] B,

Hence, based on the estimates of 1, B and ¥, we may predict the missing observations for observation ¢ as
—~ =N = o -1 —
Vim, =EBglYim | Yio, =vi0.] = Fim, +ESm0, (S0,)  (Wio, - To,)

. . . . ; ~ o SoN Lo M, .
and estimate their conditional variance as V@‘[Yz’,/\/ti | Yo, = ylo] =3M; +XM;,0; (EO”) $0:Mi | The variance
provides a measure of uncertainty on the prediction.

3.5.9 Conclusion

Probabilistic PCA (PPCA) extends classical PCA by framing it within a probabilistic latent variable model, which
provides several advantages. It allows for principled handling of missing data, enables the use of likelihood-based
methods for model comparison and selection. Moreover, it naturally integrates with other probabilistic models
as will be seen in Chapter [5] Additionally, PPCA provides a clearer interpretation of the assumptions underlying
PCA and facilitates extensions to more flexible models such as mixtures or Bayesian variants.

3.6 Conclusion of the chapter

This chapter presents a selection of classical models widely used in ecology, including mixture models, zero-
inflated Poisson (ZIP) models, linear mixed-effects (LME) models, and probabilistic principal component analysis
(Probabilistic PCA). Each of these models features an explicit latent variable structure, which we exploit using the
Expectation-Maximization (EM) algorithm for parameter estimation. This unified EM perspective allows for a
coherent treatment of these diverse models and highlights the interpretative power of their latent representations.
In contrast, the next chapters introduce models in which the EM algorithm becomes more challenging to formulate
due to complex dependency structures between latent variables. These dependencies prevent straightforward
factorization of the complete-data likelihood, requiring recurrent formulas or approximations to handle the latent
structure effectively.
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The previous chapter was dedicated to models where the conditional distribution of the latent variables
given the observations pyp(Z | Y') was obtained very easily, by a direct application of the Bayes formula. In this
chapter, we present models such that pg(Z | Y') can be calculated exactly but by means of recursive formulas.
We present here four families of models with Markovian latent structure.

e Section [41]is dedicated to hidden Markov models where the latent variable is a Markov chain in discrete
time taking a finite number of possible values (the hidden states).

e Section presents a hidden Markov model where the latent variable is a Gaussian Markov process in
discrete time with infinitely many possible values (Z; € R%).

e Section [4.3| presents a Markov model in continuous time along the branches of an evolutionary tree. In this
case the latent variables are the values of the process for the ancestral species.

e Section [£.4] presents a spatial model where the latent variable is a Markov random field, the space being
discretized as a lattice. In each location, the hidden state takes a finite number of possible values.

We shall see that the Markovian assumption is a keystone to design an exact EM algorithm.

4.1 Discrete hidden Markov models

4.1.1 Definitions and properties

A natural question in ecological studies is to identify periods within time series data that reflect different ecological
states or processes. Given a time series of ecological observations—such as animal movement, environmental
conditions, or species abundance—we aim to detect segments that exhibit similar statistical patterns, potentially
corresponding to distinct behavioral modes, seasonal phases, or habitat use. This question is related to time
series segmentation, but we assume here that there are K underlying distributions, and each segment belongs
to one of them. Therefore, separated segments can belong to a same cluster. Popular probabilistic models for
such clustering are discrete hidden Markov models, also known as switching state space models. Figure [£.1]is a
typical example of the kind of result we aim for, as it shows the trajectory of a Morus bassanus (d’Entremont
et al.|[2022]) segmented according to movement speed. This segmentation highlights different behavioral phases
of the animal, which is a central goal in the ecological analysis of movement data.

Hidden Markov models (HMM) with discrete states are natural extension of mixture models seen in Section
1] for sequential observations. The dependences induces complex dependences and intractable likelihood, but
an EM procedure can still be performed. Actually, in the literature (and as we will see below), hidden Markov
models are not-specific to clustering. Nonetheless, we first present the context of hidden Markov models in the
usual discrete case for clustering of time series, i.e. when the latent state follows a Markov chain in a discrete
space.

Notations We consider an observed series y = yo.r where y; € R% Vt. We assume that these observations are
realizations of random variables whose distribution depend on latent variables Zy.7. Moreover, we make the
following assumptions:

e The stochastic process (Z¢)ts0 in {1,..., K} is an homogeneousﬂ Markov chain with initial distribution wq
and a transition matrix IT of size K x K, i.e.:

wo,k =P(Zo = k), Vke{l,...,K}
Tt 2 P(Zyar = 0] Zo = k), VEeN, (k0 e{l,... . K}x{1,...,K}.

wy is such that sz:1 wo,k = 1 and IT is such that, for any ke {1,..., K}, Zﬁl mre = 1. We denote this as

(Z¢)s0 ~ MarkovChain(wg, IT).

e Conditionally to (Z;)¢s0, the observations are realizations of Y, ... Yy which are independent and follow a
certain distribution py g, .. parametrized by ops (this notation is consistent with the previous chapters).
For instance, in Example we will assume that the emission distribution is Gaussian: Y; | {Z; = k} ~

N (g, 07)-

IThis homogeneity assumption can be relaxed, but is assumed here to keep simple notations.
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Figure 4.1: Example of GPS track segmented by HMM. Dataset from d’Entremont et al. [2022] and freely
available on the online platform for movement data, MoveBank Wikelski et al. [2024].

Model 4.1 (Discrete hidden Markov model).

(Z¢)ts0 ~ MarkovChain(wg, IT)
Y [ {2 =k} ¥ pro,,. (), tef{0,....T}, ke{l,..., K} .

In this context 6 = {wo,I1,04ps}-

Graphical model Figure [{:2] displays the oriented graphical model associated with the joint distribution
po(Y, Z) for Model One can now see the full dependence between observations, and the independence
conditionally to the hidden process. These independence properties are gathered and demonstrated in the

Appendix Section [A3.3] Proposition

Figure 4.2: Graphical representation of Model

e N
Proposition 4.1. For a hidden Markov model whose DAG is provided in Figure [[.3, the following
independence properties hold:

1. Po(Zs1 | Z1:4) = Po(Zes1 | Zt)
2. Po(Zss1 | Yiit, Z1t) = Po(Zies1 | Zt)
3. po(Yerr | Yiit, Zra1) = po(Yeun | Zis1) )

This proposition is proved in the Appendix section page [149]

Filtering and smoothing distributions As we will see in the sections below, inference on hidden Markov
models involve two key conditional distributions.
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e N
Definition 4.1 (Filtering and smoothing distributions). For a hidden Markov model whose DAG is provided
in Figure[{-3

o The distribution of Zo.r | Yo is called the joint smoothing distribution;
o Forany0<t<T:

— The distribution of Zy | Yo.r is called the marginal smoothing distribution at time t;

— The distribution of Z; | Yo+ is called the filtering distribution at time t.

L Note that at t =T, the last two distributions coincides.

4.1.2 Complete and marginal log-likelihoods

Marginal log-likelihood of the observations When the state space of the latent variable is discrete and
finite, the log-likelihood of the observation can be written directly:

log po(y) = log po(yo.r) =log > po(Yo:7, 20:1)
zore{l,...,K} T+

=log Z Po(Zo:r = 20:t)Po (Yor \ 20r) | - (4-1)
zore{l,..., K} T+

As we will see below, the inner terms have explicit expressions in the Markov context, however, this direction is
an automatic dead end in practice, as the summation involves K7*! terms! Thus, computing the likelihood
cannot be done by this brute force technique, and an alternative technique should be found. However, let’s
notice thaﬂ (using successive conditioning):

T-1
po(yor) = po(yo) x IT po(weer | vot),
=0
and then: .
log pg(yo:1) = logpe(yo) + Z log po (Ye+1 | Yo:t) - (4.2)
=0

The following forward algorithm shows that all those terms are strongly related, in HMMs, to the filtering
distribution, and that they can be computed recursively.

- N
Proposition 4.2 (Forward computation of filtering distributions and log-likelihood in Model . For all
0<t<T, let’s denote:

o (€) =Po(Zs = €| You = yot) ,
the filtering distribution at time t. This quantity can be computed for each t using the following algorithm

o Initialization For fe{1,... K},

wo,ePe,0,,,\Yo
ag(l) = ———=—— COb (o)

)

where

K
Co = Z wo,fpe,eobs(yo) .
=1

e Recursion For Le{l,... K}, andte{l,...,T}

K
- —1(k
an(l) = Pe,aobs(yt)ZkCtl Trec—1 (k)

)

2This decomposition of the likelihood of a time series is always true, and does not depend on the hidden Markov model.
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where

K K
ct =2 000, (Yt) Y. mhear-1 (k).
£=1 k=1

Moreover, we have that co = pg(yo) and, for all t > 1, ¢; = po(yis1 | Yoit). Then, applying Equation
(4.2) the log-likelihood expresses as:

T
log po (yor) = ) log(cy) .

t=0
N /

Note that, comparing to (4.1)), the complexity is here of order O(TK?), and then always feasible for reasonable
values of K.

Proof of Proposition (4.2

e At t=0, for £€{1,..., K}, using the definition of conditional probability:

ao(£) =Pyg(Zo =L | Yy = y0)
_ (Yo | Zo =€) x Py(Zo = £)
po(Y0)

_ W0,eP¢,00. (40)
Co '

In this expression ¢ is the normalizing constant, ensuring that ¥4, ag(¢) = 1 (as they are probabilities),
hence this results in:

K
o= D W0,ePL,0,. (Y0) -
l=1

e For t > 1, we have:

Oét(e) = PO(Zt =/ | Yo = yo:t)
_po(ye, Zi = £ ] you-1)

p(Yt | yoit-1)
_PoWe | Zt = £, y01=1)Po(Z: = £ | yo:t-1)
Ct
_ pe,eobs(yt) ZkK:1 Po(Zy =€, Zi-1 = k | yo:-1)
Ct
_ Db (Y1) Yo Po(Zy = €| Zio1 = Ky you=r) x Po(Zio1 = k | Yoi-1)

Ct

_ P00 (Ye) Tieey Thecvi1 (k)
Ct

In this computation, we emphasized the use of the conditional independences induced by the graphical
model Again, ¢; being the normalizing constant ensuring Zﬁl ay(£) =1, it implies that:

K K
€t = Zplﬂobs(yt) Z Treas—1 (k) .
£=1 k=1

Complete log-likelihood If the only goal of inference is to maximize the likelihood, the previous algorithm is
sufficient. However the EM algorithm worth to be developed, as it’s design is explicit and it is interesting for two
main reasons. On the one hand, the computation of the E step relies on a forward backward procedure which is
a keystone of many algorithms for sequential data. On the other hand, in many applications (such as the one
below), we are interested in the inference of the hidden state, and the forward-backward algorithm computes key
quantities for estimators of the hidden state sequence.

In the general case of hidden Markov models (which we will encounter again in Section [4.2) the complete
likelihood admits a simple factorization due to the Markov assumption over hidden states.
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Proposition 4.3. For the discrete HMM, the complete log-likelihood is :
K T-1 K K T K
log po (Yo:rs Zoer) = Y. Zoklogwo + Y., 2. Y. ZieZyerologmpe + Y. Y. Zy log prog,,, (yt) (4.3)
k=1 =0 k=14=1 =0 k=1

where for all >0 and k€ {1,..., K}, Zy, =Ty (Ze) = Liz,-k -
N J

Proof of Proposition [4.3

We can use the DAG of the model (Figure and factorise the distribution using the parents in the
DAG (see Appendix section):

T
po(Y,Z) = I})pe(Zt | pa(Z:))po(Ye | pa(Yy))

Zy as no parents. Z; has for only parent {Z;_;}, Y; has {Z;} for unique parent.

oY, Z) = po(Z0) [ 0022 | Zo) [Tpo(Yi | 20)

t=1 t=0
Then, the log-complete likelihood satisfies:
T-1 i
log po (yo:1, Zor) =10gpe(Zo) + ), 1ogpe(Zesr | Zi) + ) logpe(ye | Zy) - (4.4)
=0 =0

Remark. Note that this expression does not depend on the discrete nature of the hidden chain or on the
nature of observations, but is valid for every joint distribution satisfying the graphical model of Figure|4.2

Getting back to the case where the latent variable Z is a discrete Markov chain on {1,..., K}, we obtain
the specific formulat for pg(Zp):

K
pg(Zo) = H wOZf;Ck, where Z()k = ]I{k}(ZO) = H{Z0=k}'
k=1

Similarly :

K gz
tk4t+1e

H”ke

£=1

(pkaeobs(yt))Z“C’ le {07 S aT} o

=

Do (Zii1 | Zt) =

I
Il
—

=

Pe(yt | Zt) =

=
I

1

Finally, combining these three last expressions with Equation (4.4]), we obtain the expected result (4.3).

4.1.3 EM algorithm for discrete HMM

In the case of HMMs, the E step involves an iterative procedure that requires careful formulation. To maintain
clarity, we gradually introduce Q(9 | 0(”)), followed by a detailed explanation of the E step and the M step. The
full algorithm is presented at the end of the subsection, once all necessary components have been introduced.
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4.1.3.1 Objective function Q(0 | H(h))

For a general HMM, suppose we have a current value ") then, from (4.4), we can write:

Q(9 | e(h)) =Egm [Inge(yO:Ty Zo:T) | yo:T]
T-1

=Eg [logpe(Zo) | yor] + Y. Egon [logpe(Zesr | Zi) | your ]
=0

T
+ > Egon [logpe(ye | Z¢) | your] - (4.5)
=0
In our discrete case context where (4.3 is satisfied, we have:

T-1

K K
Q(0]6™M) = ZEWL) Zox | Yor = yor]logwo i + Z Z Z o [ZekZiv1 0| Yor = yor]log mre
k=1 er ]

(h) (h)
0,k [N

Egn [ Zir | Yor = yor]10g .o, (t)

+
T
M=

=0 k=1
RO
tk
K ( ) T-1 K K T K h)
= > o,k logwo, + Z t, k Jogmeg+ ) > Tk 108Dk b, (Ut) (4.6)
k=1 £20 k=1 =1 =0 k=1
where
70 = By [Zuk | vor] = Po (Z = k| yor), t€40,.... T}, (4.7)
55}24 = Eoo [ZinZivae | yor] = Poay (Ze = ky Zpy = €] your) - (4.8)

4.1.3.2 E step

The E step consists in the calculation of the Tt(};)’S and 55?2’8. Note that:

h h
Tk = fo be (4.9)
and:
5,5(3;)’@ =Py (Zt =k, Zy1 = | Yor = yor)
Py (Ze = k| You = Yo:t) * Paw Y(ur1), Zesr = €| Zy = k, Your = Your
Doy (y(t+1):T)

The second term of the numerator can be tweaked to emphasize known quantities.

po (Uesryrs Zisr = L | Zy = k, Your="To1) = oy (Zes1 = £, yss1, Yo | Zt = k)
= po (Yer1, Ziv1 = L | Zi = k) x poony (Yer2:1 | s Ze=F, Zyy1 = L)
= powy (Y1 | Ze=T, Zys1 =€) x Poony (Zi11 = 4| Zy = k) % poowy (Yer2:1 | Zis1 = £)
= Do) (Zt+1 =L Iye{, Zy = k)pkﬁ (h)(yt+1)P9(h> (yt+2:T | Zi1 = 5)

h
) (Yer1) % W](cg) X poy (Yer2T | Zps1 = 1),

obs

=Pso

obs

where the conditional independences are consequences of Proposition Finally, we obtain:

h
ny (Yes1) ¥ W;(gg) X Py (Yeazr | Zee1 = L) .

obs

h h
ﬁt(7k)7@ oc Poany(Zy = k | You = yO:t)ﬂ';(cg)pg 0o (Yt+1)Pow (Yeaa | Ziar =€) x py g

The first term is simply at )(k) computed thanks to Proposition under the current parameter §("),

the two terms Dr.6,,. M (y¢+1) and 7r( ) are quantities given by the model. It remains the term 6t+1)(£) =
Doy (Yeaar | Zis1 = E) which has not been encountered so far. The normalizing constant is simply obtained
summing over all possible pairs of states, to get:

h) k (k)
h ( )ﬂ—kz Pog, S(h)(yt+1)ﬂt 1(6)
E,k),f = b i (410)

INED I 101(h)(k)77k/ Dr.g (h)(%u)ﬂtﬂ (5)

For a current value of the parameters 6, the (8:(k)):r can be computed via a backward recursion, as stated
by the following proposition:

obs
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Proposition 4.4 (Backward recursion). Consider, for all ke {1,...,K}:

Br(k) =1, (4.11)
Be(k) = po(yesrr | Ze = k), tef{0,...,T~1}. (4.12)

For every t€{0,...,T -1} and ke {1,..., K}, the sequence (B:(k)) satisfies the following recursion

K
Bi(k) = Z Tke pE,Gobs(ytﬂ) Bir1(0) . (4.13)
=1

Proof of Proposition 4.4

Again, this is done by successive conditionning, and using conditional independence properties. For
te{0,...,T-1}:

K K
Be(k) = po(yeerr | Ze = k) = Y. po(Yeer:1: Zeer = €| Zy = k) = Y Do(Yes1, Yer2rs Zer = £ | Zy = k)
¢=1 ¢=1

Po(Zis1 =L | Zs = K)Do(yra1 | Zewr = 4, Zs = K)Do(Yre2r | Yeu1, Ze1 = 4, Z¢ = k)

3

&
Il
fay

o

Po(Zis1 =L | Zt = k)po(yis1,| Zis1 = O)po(yreor | Zis1 = 1)

&
I
—

M=

Tkt PL,0obs (yt+1 ) Bi+1 (f) .

[
Il
sy

Note that the initialization given by (4.11]) is rather arbitrary, but ensures that (4.13)) holds at time 7' - 1.

Remark (Log-sum-exp trick). The direct computation of the secquence of Be(k) given by Propositz'on 1S prone
to numerical instability when p is large. Indeed, (k) tends quickly towards 0 when T is large and t decreases
to 0. To avoid numerical problems, a classical workaround is the work in the logarithmic scale, computing the
sequence of log(B;(k)). We therefore rewrite Proposition[{.4 for all ke {1,...,K}:

log(Br(k)) =0,

K
log(3:(k)) = log (Z ﬂ.kepf,eobs(yt+1) 5t+1(€))

(=1

K
= log (Z: exp (log(mke) +1og(pe,o,,, (Ye+1)) + 10g(5t+1(£))) .

Wrritten this way, the recursion is still prone to the same instability as before, as we now exponentiate terms
that are susceptible to be strongly negative. Howevere, we can use the log-sum-exp trick to avoid any numerical
problem. Using the fact that for any reals terms r1,...7x, defining m := maxye(y .. ) 7o, one has:

K K
log (; exp(rk)) =m+log (Z: exp(rg — m)) ,

we can rewrite the recursion as:

K
log(B¢(k)) = mys1 +log (Z exp (log(mre) + log(pz,eobs(ytu)) +log(Be1 () - mt+1)) )
=1

where:

yeeey

M1 = {maXK}log(ﬂke) +1og(pe.6,,. (Y+1)) +1og (Brs1(£)) -

As at least one term in the sum is equal to exp(0), this provides a numerically stable recursion, which is often
used in practice.

This backward recursion enables to perform the E step of the algorithm through a forward backward
procedure:
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Proposition 4.5 (Forward-backward algorithm for E step in discrete HMM). Let Tt(z,) and ft(}z) o be defined

as in (4.7) and (4.8), and agh)(k) and ,Bt(h)(k) be the quantities of Propositz'ons andEL th67E|

(h) o™ (k) w) P,y (Yt+1) BI(0)
S K (B, o). (4.14)
Zj:lat (1B ()

() 1y g(M)
»__% k)8, (k) (4.15)

K oMM )

“Computed with oh)
bAgain, all these expressions are, in practice, implemented in the logarithmic scale, using the log-sum-exp trick to compute

the sums at denominators.
~ /

Proof of Proposition 4.5

The numerator of (4.14)) is only (4.10) in which we plugged agh)( j) and ﬁt(fl) (k), while the denominator

is obtained by seeing that the sum over £ in the denominator of (4.10]) simplifies thanks to (4.13]). Finally
(4.15)) is obtained by summing (4.14) over ¢ (and, again, using (4.13))

Therefore, the E step is done. Again, note that this step consisted in computing probabilities (and not
complicated expectations). The resulting function Q(0 | O(h)) is then a finite sum involving these probabilities.

4.1.3.3 M step

Once the E step is performed using Proposition we want to update {w(()h),l_[(h), Qobs(h)}.

Initial distribution wy In our context where we only consider one time series, the initial distribution is
of little interest. However, it still can be estimated. It is ' worth noting here that the estimation of the initial
distribution does not only involve yg, but all observations (as the posterior distribution of Zy depends on all
observations). We want to maximize with respect to wq, with the constraint that Zszl wo,; = 1. Using
Lagrange multipliers, we then want to cancel the gradient, for some \ € R,

(h)

Tor _
wo,1
h & :
va,A(Q(e | 6¢ ))—)\(Zwo,k—l)) =l
=1 0.K _
;O,K
=go(wo,\) Ykt Wo,k — 1
Therefore, noticing that Ziil Té};g) = 1l
h+1 h
C’J((J,lJr ) Té,l)
h+1 : :
Vwo,Ago(“"(() A =0e () | = _(w)
0,K To,K
A 1

Note that during the E step, w(()h) is only used to compute (aéh)(k))ke{l _____ Ky}, but it is updated in the M using
all observations, (as (Té_};c))ke{17.._,K} is computed using (ﬁo(k))](czgl LK) which implies, through recursions, all

observations).

Transition matrix II The maximization of Q(9 \ H(h)) with respect to Il is made under K constraints, which
are that the K columns of IT sum to one. The derivative with respect to the components of this matrix only
concerns the terms of the second line of (4.6[). Therefore,
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1 (h)
p— Zt 0 t,1,1 -A

- h
ZfT 01 ti,l)).,K -\
1 h
K K - Z Si2a - A
VH,A(Q(9|9(}L))— Z)\k(ZﬂM—l)): .

k=1 /=1 h
TKK ZtTol t(,lg,K - )\K
=g(IL A1k ) ZZ:l 71— 1

o
Y1 Tre—1

Therefore,
Yio t(},?e —77,(:2)/\;@, ke{l,...,K}
VH”\Q(H(h+1)’ Aik) =0 leil 2?61 f(}l?é = Ze=1 ngfbeb‘j , forall je{l,...,K} .
yK 171.(’1) -1
_ ~1 +(h)
< { ()f\zﬁ ) %kzlgﬁzo(h)t’;c’e ,forall ke{l,...,K}.
Thi =3y 2i=0 S HE{l. .. K}
1 T-1
h
e RN thtw for all ke{l,..., K}, €e{l,...,K},
t=0 'tk T

where the last simplification was made using. (4.9)). This expression is actually rather intuitive as it gives the
expected number of pairs of state (k,¢) divided by the expected number of state k during the T first times.

Observation parameters 0,5 It remains to derive the parameters of the observation model. The computation
of course depends on the chosen distribution. In the case of multivariate normal distributions, it would have
exactly the same expressions as the ones of Gaussian mixture and (replacing the sum from one 1 to n
by a sum from 0 to T'). In Section we will provide formulas for updates in the univariate case of Example
11l

(h+1) (h) 2,(h+1) (h) (h+1)
i (h)ZTky“ Tk (h)Z ( )

where

T
h h
N - t_OTt{k) : (4.16)

4.1.3.4 EM algorithm for the HMM model

Combining the E step and M step developed before, we obtain the following algorithm

( M)

Algorithm 4.1 (EM for the Gaussian HMM). Starting from 0 as defined in Model repeat until
convergence:

E step. Perform the forward-backward procedure of Proposition [{.5

( %) = Py (Z: = k | yor), t€{0,...,T}
g’k)’g =Py (Zt =k, Zye1 = £ | yor) -

and set N,gh) Yo (h) :
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M step. Update the parameters
(h) _ _(h)
Wo.k = Tok
(h) L Eomw
Trk,e:ngt,k,f7 fOTCL”kE{l,...,K},66{1,...,1’-{}
t=0 Ty t=0
7P 7P
(h+1) 1 (h) 2,(h+1) 1 (h) (h+1))2
H = Te ke Yt o = T Yt —
k N}Sh) ; t,k k N,gh) ; t,k ( k )
\ Y,

4.1.4 Inference of the hidden states

Once parameter estimation is performed and has provided an estimate 8, the estimation of hidden states can be
done in different ways. The first natural possibility is to consider the state j that maximizes 7; ;, and therefore,
for each time t, we set:
7, = argmax Ty, . (4.17)
ke{1,...,K}
This MAP estimator considers the maximal probability of the marginal distribution of the sequence at time t.
Another approach is to consider the joint sequence that maximizes the joint probability, which is then by:

ZO:T = kS:T = argmaX]P’g(Zo = ko, - ZT = kT | yO:t) 5 (418)

ko,.--,kr

Despite involving a maximum on discrete set having K7+ elements, this estimator can be computed in an
efficient way via the Viterbi algorithm.

s a
Algorithm 4.2 (Viterbi algorithm to get the best posterior sequence).

Forward. Let’s define 0<t<T, and 1 <k < K Formally:

do(k) =Pg(Zo =k | Yo = o)
(St(k) = kmax P@‘(ZO:(t—l) = kO:(t—1)7 Zt =k | YO:t = yO:t) fOT’ t>1.
)

0:(t—1

Then, 0:(k) can be computed recursively: fort>1:

3¢ (k) :Pé‘(yt | Z = k) x 11?252({ {Tor x 6-1(0)} .

Backward. Moreover,
ko.p = argmaxPy(Zy = ko, ..., Zr = kr | Yo.r = yo.r)

(CRERRE) T

can be obtained recursively by

kT = arg max o7 (£)
1<l<K
ki_y = argmax Ty« 0s-1(£), fort=T-1,...0.

1<l<K
& J

The take home message here is that the Viterbi algorithm allows to compute the estimator of Equation
in an efficient manner. When the user is interested in trajectories (or joint distribution) of the hidden states,
and not only in the marginal values of the hidden states, this estimator might be better suited than the MAP of
Equation . We here present the proof which is, to the best of our knowledge, rarely written. It is rather
technical but, in our opinion, is a good help to understand ”why” the Viterbi algorithm works.

Proof of Algorithm

Forward. The recursion over d;(k) comes from the fact thatﬂ it can be decomposed into two terms:
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6: (k)

max pg(Yo:ts Zo:(t-1) = Ko:(t-1)> Zt = k)

ko:(t-1)

km(aX) P Zo:(1-1) = kose-1)> Zt = k)p5(yo | Zo:e-1) = kose-1), Z¢ = k)
0:(t—1

Each term of the product can now be reformulated:

P Zo:(1-1) = kot-1), Zt = k) =Pg(Ze = k | Zy—1 = k1) x P Zo.s-2) = Kos(1-2), Ze-1 = k-1)
=Tky_1k X P’é‘(ZO:(t—Q) = kO:(t—2)7 Zi-q = k?t—l)
pg(vo:t | Zo:t-1) = ko:t-1)s Zt = k) =pg(ye | Zowe-1) = Fo:t-1)> Zt = K, Yo:(e-1))
x pg(Yo:(e-1) | Zo:(e-1) = ko:(t-1)5 Zt = k)
=pg(ye | Zs = k) x pg(Yo:(t-1) | Zo:(t-1) = Ko:(t-1))
=pg(ys | Zt = k) *x pg(Yo:e-1) | Zo:t-1) = ko(t-1)) -

As a consequence, if we rename k;_1 by £:

6¢(k) = max my,_ kX Po( Zo.(s-2) = Koi(t-2)» Ze-1 = ke—1)pg(ye | Ze = k)pg(Yosce-1) | Zose-1) = Ko:e-1))

ko:(t-1)

= max TuPs( Zo.(1-2) = ko:t-2)» Ze-1 = 0)pg(ye | Ze = k)pg(Yoii-1) | Zot-2) = Ko:(t-2)» Ze-1 = £)

ko:(t-2),¢

:p@‘(yt | Zy = k)

X max {mk max pg(yo;(t_l) | ZO:(t—2) = kO:(t—2)7 Zi 1 = E)P§(ZO:(t—2) = kO:(t—Q)’Zt*1 = 6)}
e{1,...,K} ko:(t-2)

ol =), o (T <512 (0}

And we obtain the forward formula for 6;(k).

Backward. To prove that k7. = argmax,e(; ) 07(¢), let’s introduce the function

fro {1,...,K} - [0,1]
1 > max Pa(Zo.r-1 = kor-1, Z1 = £ | Yo.r = Yor)

0:T-1

which gives, for any £ € {1,..., K}, the probability (conditionnaly to the observations) of the best
sequence that ends by Z7 = £. Therefore, by definition, it reaches its maximum at k7., the last term of
ko = argmax,  Pa(Zor = ko.r | yor). In other words,

kT = argmax fr({).
Lef{1,... K}

Moreover:

argmax fr(f) = argmax (max Ps(Zo.r-1 = kor-1, Z7 = £ | Yor = yO;T))
Le{1,..., K} 0e{1,..., KK} \kor-1

Le{1,...,K} (pg(yOT) ko:r-1

= argmax o7 (¢),
Le{1,... K}

= argmax x max pg (Yo, Zor-1 = kor-1, Z1 = 5))

where the last two simplifications hold as pz(yo.7) depend neither on kg.7—1 nor ¢, which proves the
initial step of the backward procedure.

Let’s now show that k7_; = argmax,(y . g} Texz0r-1(£). Let’s now define:

fT—l: {1,,K} g [071]

14 w  max Pa(Zor-2 = kor-2, Zr-1 =€, Zr = k7 | Yo.r = yo.1)
0:7T-2
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which gives, for any £ € {1,..., K}, the probability (conditionnaly to the observations) of the best
sequence that ends by Zy_; = ¢ and Zr = k.. Again, we have by definition:

kp_y = argmax fry(£).
le{1,...,K}

Moreover:

argmax fr_1(f) = argmax

max Py(Zo.r-2 = ko:r—2, Zr-1 =4, Zp = ky | Yor = yOT))
Le{1,...,K} Le{1,..

ko:r-2

x max pg (yo.r, Zor-2 = kor-2, Zr-1 =4, Zr = kiT)))

Le{1,.. pa(Yor) kor—2
= argmax Prs gyr)Pe(Zr = kp | Zr-1 =€) x mang(iUOT 1, ZoT-2 = kor—2, Z1- 1—5))
Le{1,.. ko:r-2

1
= argmax (
(.
(7

= argmax gk* ><5T 1 f))

le{1,...,K}

where the term p,. 5(yr) vanishes in the last line as it does not depend on /.
o

And we can back propagate this reasoning for every k;.

%Again, using the conditional independences given by Figure

4.1.5 Selecting the number of hidden states

All previous computations were performed for a fixed number of components K. The choice of K is made
following the exact same logic as in section of Chapter [3] Note that, the number of observation parameters
is K x dim(fops). For the latent Markov chain, because of the sum constraints, wg and IT involve respectively
K -1 and K(K - 1) free parameters (the rows of IT sum to 1). A s a consequence:

K = Kdim(fgps) + K =1+ K(K - 1) = Kdim(fops) + (I + 1)(K - 1) .

4.1.6 Analysis of animal movement with HMM
4.1.6.1 Data and question

A common field of application of discrete hidden Markov models is the study of GPS data in ecology. A classical
experiment in ecology is to mark animals with GPS tag in‘order to follow their displacements over time. Natural
questions arise over the behavior of the animal, and therefore an early goal of such studies was whether different
behaviors can be infered from movement data (see Morales et al|[2004] for the pioneer work in the domain).

s 2
Dataset 4.1 (Movement of Morus bassanus in Newfoundland). We illustrate the use of hidden Markov
models to infer animal behavior from GPS data with data extracted from |d’Entremont et al| [2022] and
freely available on the online platform for movement data, MoveBank [Wikelski et all, |2024]. The authors
tagged several gannets in southern Newfoundland during multiple years. We focus on a specific indivual for
which we have 18 days of uninterrupted tracking, with a time step of roughly 15 minutes between two GPS
locations. When a time step was missing, linear interpolation was performed (which was necessary for about
100 time steps). Overall, we focus on a trajectory of 1732 successive positions. For each pair of successive
positions, the length of the step (in meters) separating those points was measure, resulting in a time series
of 1731 successive step lengths. As we are mainly interested in orders of magnitude, we take the log in base
10 of this measure (therefore 1 corresponds to 10 meters, 2, to 100 meters, and so on...). Our goal is to

L identify distinct clusters in terms of step lengths during the trajectory.
J

In this chapter, we focus on a univariate descriptor of the trajectory. In movement ecology, the most classical
approach consists in taking two descriptors, the step length, and the turning angle. We refer to [Etienne and
Gloaguen| [2022] for a description of these different descriptors, and the common related parametric probabilistic
distributions.
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t Longitude Latitude logl0(Step length)

2022-07-23 13:22:00 -54.187 46.815 2.723
2022-07-23 13:37:00 -54.191 46.811 2.723
2022-07-23 13:52:00 -54.195 46.807 2.201
2022-07-23 14:07:00 -54.197 46.807 2.085
2022-07-23 14:22:00 -54.199 46.807 1.966

Table 4.1: GPS data for Morus bassanus (data from |d’Entremont et al.| [2022])
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Figure 4.3: Left: Observed GPS track of a Morus bassanus during 18 days in south-east Newfoundland. The
grey scale on the track corresponds to different times, with light gray indicating the beginning and black marking
the end of the trajectory. Right: Empirical distribution of the logarithm (base 10) of step length (measured in
meters) between two positions.

4.1.6.2 Infer animal behaviours through a hidden Markov model

Observation model In order to cluster the different observations through the observed times, we will fit a
hidden Markov model like the one of Model . Our observations yo.r (T' = 1731) are the log;, of the distance
(in meters) covered by the bird in 15 minutes. We assume that this process consists in K different processes,
consisting in different speed regimes, relative to the behaviour of the bird. We assume that for a given time ¢,
within a regime, the observations are the realisation of a Gaussian distribution with a specific mean and specific
variance for each cluster. Formally, we set that:

Y [{Z =k} ~ N (e, 07) -

Inference The EM algorithm is performed as described in Section Once the E step is performed, the M
step has an analytical solution here (due to the simple observation distribution considered). More specically, at
iteration h, for each 1< j € K, the mean and variance of the corresponding cluster is updated by:

(h+1) _
,uj ’ (h) Z K yt7

Uj%(hu) _ ;Tt(,z) (yt _ MI(Ch+1))2

ngh) t=

where quantities T, t( k) are obtained by Proposition 4.5, and N, (h) _ Zt 0T, k) Once convergence is reached, the

best sequence of states for the estimated parameters is computed thanks to the Viterbi algorithm of Proposition

Results
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Figure 4.4: Left: Evolution of model selection criterions. Each criterion is the best result among 15 results of the
EM algorithm, starting from 15 different starting points. Right: fit of the distribution for K =8 and K = 10.

Choosing the number of components The proposed procedure was performed for K € {2,...,10}, and
choosing the best final point among 15 random starting points. For the 9 models, we compute the AIC, BIC and
ICL, together with the log-likelihood and show the results on the left hand side of Figure 1.4}

One can notice that relying on the AIC would lead to a more complex model than on the ICL (8 hidden
states model) or the BIC (9 hidden states). The right hand side of Figure shows the estimated observation
distributiorﬁ in each state, for K = 8 and K = 10. One can see that those two models seem overcomplex,
considering the global distribution of observations. This topic of potential overestimation of number of states in
parametric HMM is largely discussed in [Pohle et al|[2017], where the @authors advocate for a model selection
also guided by interpretation. This apparent overestimation of the number of components could also be induced
by the misspecification of the observation conditional distribution (here, supposed to be gaussian). Specifically,
assuming the same type distribution (here Gaussian) for each state might be unrealistic. A workaround to avoid
this choice would be a non parametric framework for the observation distribution. Recent works focus on the
choice of K in this context (see du Roy de Chaumaray et al. [2022] for instance).

In the following, we depict the results for K = 6, following an heuristic elbow rule on the curve of ICL of

Figure [4.4]

Clustering results Focusing on the distribution for K =6 on Figure we can interpret the estimated
speed regimes. Two extremes regimes (1 and 6) depicts the small displacement (less than 100 meters in 15
minutes) and large displacement (around 10 km in 15 minutes). Regime 5 will depict the displacement of about
1 km in 15 minutes, while regimes 2, 3, 4 will depict 3 different regimes between 130 and 350 meters, which
represent the vast majority of observed steps.

An interesting feature is the alternance in the Markov chain between these states. The estimation of the
transition matrix is provided on the left panel of Figure One can interpret from the high values on the
diagonal that every speed regime is rather persistent (the bird tends to stay in a given speed regime for more
than one time step and that all transitions between states are not possible. The right hand side of Figure
shows a piece of the trajectory, with colors corresponding to the states sequence estimated using the Viterbi
algorithm. This pictures also allows to observe the succession of speed regimes.

3The weight of each state is computed as its weight in the stationnary distribution induced by the transition matrix IT.
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4.1.7 A discrete HMM to infer the genetic structure of a population

Hidden Markov Models (HMMs) are well-suited for modeling sequential data and have found powerful applications
in population genetics. Although originally designed for temporal observations, HMMs can be naturally applied
to genomic data by treating chromosomal position as the sequential axis. In this context, HMMs are used
to model the genetic structure of populations by capturing patterns of ancestry, linkage disequilibrium, and
recombination along the genome. For example, they can identify segments inherited from different ancestral
populations or detect regions under selection, reflecting the structured mosaic nature of genomes shaped by
evolutionary processes.

In this section, we consider the analysis of genetic diversity within a population of individuals from a same
species, as introduced in Section We only present here a generalisation of the mixture model presented in
Section with no further illustration.

4.1.7.1 A model for genetic data

The mixture model presented in Model assumes that the whole genome of each individual originates from
one single founding population (Assumption . Although this assumption makes sense for neighbor loci along
the genome, because of possible past crossings between sub-population, it does probably not hold at the whole
genome scale. Hidden Markov models introduced in Section provide a natural framework to allow each loci
of each individual to originate from its own founding population, while accounting for the dependency between
neighbour loci.

e ™
Model 4.2 (HMM for the genetic structure of a population). We use same notations for the observed
data as in Model and now denote by Z;; the population of origin of locus j for individual i. The hidden
Markov model states that each Z; = (Z;j)1<j<p forms a Markov chain and that the hidden path {Z;}1<i<n are
all independent:

Z; & MarkovChain(wg, IT), 1<i<n,
}/ij|{Z¢7j=Zi7j} iQdCat((bzﬁj) 1<i<n,1<j<n.

where, for 1 <k < K ¢r; is given in (3.24) of Model. The parameter vy has the same interpretation as
in Model[3.3 and

o wo = [wok |1<k<K 1S the vector of probabilities for the first locus of each indiwidual to come from a given
population,

o II = [mis)ick o<k is the transition matriz: e =P(Z; ju1 =0 | Z; j = k),

which leads to
0= (""’Oa Ha ’7) .

The latent variables are the locus-specific memberships Z;j;, the observed variables are the genotypes Y.
\

Remarks.

e Note that Model considered that we only observed one trajectory along time (noted t). Here, we observe
n trajectories of the HMM (i=1,...,n) and the observations are not along time (t) but along the place on
the genome (j). Another difference is that the emission distribution ¢y; depends on the location along the
genome.

o When the loci are spread over several chromosome, the latent path along each chromosome can be assumed
to be independent. Also, the latent Markov chain is not necessarily homogeneous, and the transition
probabilities may account for the distance separating each locus from the next. Note that Model[{.9 does
not apply to Taita thrush dataset from Example because of the very small number of markers (p="7)
and because their respective locations along the genome are unknown.

Assumptions. As compared to the mixture Model[3.3] the hidden Markov Model[£.2|does not make Assumption
(unique population of origin), but still relies on Assumption [3| (Hardy-Weinberg principle). As for Assumption
(conditional independence of the genotypes at each locus), it still holds but each locus has its own population
of origin and the population of origin of neighbour loci are likely to be the same.
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4.1.7.2 Inference

Graphical model and likelihood. Because Model is a regular HMM, its graphical model is the one
depicted in Figure and its complete log-likelihood is a sum over all individuals of complete log-likelihood as
given Equation (4.4). More specifically,

=1 7=1 J=1

n p-1 P
IngG(ya Z) = Z (IOgWO,Zi,l + . IOg TZ; i Zije1 T Z log (bZi,j,j (yl])) . (419)

EM algorithm.

E step. Because of the similarity between Equations (4.4) and (4.19), the quantities to be evaluated at the E
step, for each individual i, are therefore the same as these defined in Equations (4.7)) and (4.8)), so the
forward-backward recursion given by Proposition applies individual by individual.

M step. The update formulas for wq and IT are the same as in Section [L.1.1] and the update formulas for the
allelic frequencies content in -y can be easily adapted from these given in Section

Model selection. As for the mixture Model the number of founding populations K from the hidden
Markov Model can be determined using the BIC or ICL criteria presented in Section [2.4]

4.2 Continuous HMM for correction of animal location (PG)

While discrete HMMSs have proven effective for modeling latent state dynamies such as behavioral states in animal
movement, they are limited by their inherently categorical state structure. This discrete-state framework is
well-suited for systems characterized by abrupt transitions between qualitatively distinct states. However, many
ecological processes are better represented by continuous latent dynamics governed by linear or approximately
linear processes.

Continuous HMMs provide a natural extension in such contexts, offering a principled approach for estimating
unobserved continuous states from noisy observations under the assumptions of linearity and Gaussian noise.
The Kalman filtering E] Kalman| [1960] is widely applied in ecology when that observations are corrupted by
noise, which can, for instance, come from observation error in the device. As a common example are animal
tracking data (coming from GPS, ARGOS, or any telemetry device) where the observed times series often come
with an error. A challenge is therefore to retrieve the actual position of animal from the corrupted observations.

This algorithm relies on a probabilistic model that is again a latent variable model and can be seen as
sequential version of the linear mixed model or an HMM with continuous latent space model (see Roweis and
Ghahramani [1999] for a unifying point of view on these models).

4.2.1  Data and question

Dataset 4.2 (Correction of GPS observations). In movement ecology, animal tracking using GPS devices
is prone to measurement errors. A challenge is therefore to remove this error (often called noise in signal
processing) from the observed trajectory. We illustrate this approach using a dataset from|Silva et al.| [2014)],
and available on the MoveBank website, consisting in trajectories of fin whales (Balaenoptera physalus) in
the North Atlantic ocean. The data then consists in bidimensional time series, which is plotted on Figure[[.7]

4.2.2 The linear Gaussian hidden Markov model

Notations We consider an observed series y = {y; }o<t<r where y € R%. We assume that these observations
are realizations of random variables whose distribution depend on latent variables Zy.r. Moreover, we make the
following assumptions:

e The stochastic process {Z; }sen in R% is an homogeneou Markov process having the following properties:

— Tt’s initial distribution is a Gaussian distribution in R% with mean o and variance Vj;

4or, as we will see later, the Kalman smoother

5This homogeneity assumption can be relaxed, but is assumed here to keep simple notations.
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Figure 4.7: Left: Observed trajectory of a fin whale (Balaenoptera physalus). Right: Representation as
bidimensional time series. Data extracted from [Silva et al.| [2014] and available on movebank.org.

— The conditional distribution of Z;.1 knowing Z; is also Gaussian; whose variance does not depend on
Z; and mean depends linearly on Z;.

e Conditionally to {Z;}+ey, observations Yy, ... Yr are independent and follow a Gaussian distribution whose
variance does not depend on Z; and mean depends linearly on Z;.

s N
Model 4.3 (Linear Gaussian hidden Markov model).

Zy ~ Na, (1o, Vo)
Zy| Zy-1 = BZy1 + E, where B, ® N;_(0,Q), E,1Z,_i teN*
Y—t | Zt "‘./\/dy(AZt72)7 tQN,

where A and B are matrices of dimension dy x d. and d, x d,. In this context Oops = {A, X}, Ot =
L {:U'OaVO,QaB}; 0= {glataaobs}-

Graphical model. The DAG for Model is the same as that of the HMM model (Figure . One can now
see the full dependence between observations, and the independence conditionally to the hidden process.

S

Figure 4.8: Graphical representation of Model

Identifiability. Similarly to probabilistic PCA, Model is not statistically identifiable, as two different
parameter can lead to two different models. Indeed, as 2 is a (real) symetric matrix, it exists a rotation matrix
R and a diagonal matrix D such that = RDR". Therefore, let a model be parameterized as Model the
model defined by

7| Zy-y =D 2PTBPD 27, + E, where E, ' N, (0,1), E, 17,1 teN*
Y;|Zt~Ndy(APD%Zt,2), teN,
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movebank.org

leads to the same distribution of observations. Therefore, one needs to pose constraint on either A, B or 2, for
instance, as above, that € =1.

4.2.3 Marginal and complete log-likelihoods of the linear Gaussian HMM

Marginal distribution of observations The following proposition states that marginally Yy.r is a multivariate
Gaussian vector.

( 7

Proposition 4.6. Let Yo.r be a distributed as Model[].3 Then

Zor ~ Na_x (1) (o, Qo)
Yor | Zor ~ Na,«(r+1)((I141 ® A) Zor, I141 ® %) .

where ® is the Kronecker product of matrice{"} Thus, the marginal distribution of Yo.r is fully known and
is a Gaussian distribution:

Yor ~ Ny, xrs1) (I ® A)pior, It @ B+ (Irs1 ® A)Qor(Ir @ A)T). (4.20)

“Ip41 ® A is the block-diagonal matrix where the diagonal is composed of T' + 1 times the matrix A

Proof of Proposition [4.6
Let’s first consider the sequence Zy.r. We can rewrite the second line of Model as:

Zt | Zt—l NNdz (BZt_l,Q) te N*

By Proposition[AZ6] we can deduce the distribution of Z;. Its marginal distribution is a Gaussian distribution
with:

E[Z] = Bpo, V[Z1]=Vo+ BQB™ = V;.
By induction, we have that for every ¢ € N*:

E[Z;] = B' o, V[Z;] = Vso1 + BB = V.
where B! is the matrix B to the power t. Moreover, noticing that for all ¢ € N*

Zy=BZy 1+ Ey
where F; is a Gaussian noise (with mean 0 and variance Q) independent of Z;_;, we have that:
Cov(Z4-1,Z;) =Cov(Zy-1,BZy1 + Ey) =V[Z;_1]B" + Cov (Z;_1,E;) = V;.1B" .
More generally, for (t,h) € N2, the covariance between Z; and Z,y, is given by:
Ci.n = Cov (Zs, Zyyn) = Vi(B™)T.

Thus, we completely characterized the distribution of Zy.r, and we have:

Zo.r ~ Ng,x (1) (po, Qo)

where
Fo Vo Co1 ... Cor
Ho:T = BHO and Qo1 = C(;al Vi Ci,r-1
B 1o Cg’T VR 7
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Thus, as observations are indepenndent conditionally to latent variables, Model is equivalent to:

Zoa ~ Na x(r+1) (Ho:1, Q1) 5
Yor | Zox ~ Ny, x(r+1)((Ir41 ® A) Zor, I741 ® T) .

We deduce the marginal distribution of Yj.7 from Proposition

Marginal log-likelihood As a consequence of Proposition the marginal log-likelihood of the observations
Y = {y:t fo<t< can theoretically be computed directly for any set of parameters. Moreover, Proposition also
gives us the conditional distribution of Zy.1|Yo.r. However, computing both the likelihood and the conditional
distribution implies to inverse large matrices —of dimension d, x (T'+ 1) or d, x (T +1)~ which would lead to
numerical instability for large T'. This justifies alternative computation of these two quantities. As in Section
there is an efficient way of computing the log-likelihood using an iterative forward process named the
Kalman filter algorithm, whereas the conditional distribution will be efficiently compute through an iterative
backward process in the next distribution.

s N
Proposition 4.7 (Kalman filter and log-likelihood in Model). Under Model the filtering distributions
(Definition are:

e Fort=0,Zy| Yo~ Ny, (,u0|0, Qo|0) where:

{ go“o - ’(L? +§°gﬂ; AR0)  here Ko = VoAT(S 4+ AVpAT) . (4.21)
o0 — — Ko 0

The matriz Kq is called the Kalman gain and quantifies the reduction in variance (our gain) by
including Yy in the prediction of Zy.

e For0<t<T -1, Zy1 | Yourer ~ Na, (:ut+l|t+17 Qt+1|t+1) where:

Pestjesr = Bl + K1 (Y - AB uyt) where Wi = Q+ BQﬂtBT (4.22)
Qit+1\t+1 = (I-Ki1A) Wi K1 = W AT(E+ AVVHIAT)_1 ’
Moreover, we have:
Yo ~ Na, (Apo, X+ AV AT) (4.23)
Yier | Yo ~ Ny, (ABpgys, S+ AWy AT) 0<t<T-1, (4.24)
which allows the computation of the log-likelihood through Equation (4.2)).
N J
Proof of Proposition
First, at t = 0, we have, by definition of Model
Zo ~ Na, (o, Vo) , (4.25)
Yo | Zo ~ Na,(AZp,X). (4.26)

Equation (4.21]) is then a direct application of Proposition

Now, let’s suppose we have computed (g, $¢) for ¢ > 0. We consider the following intermediate model
for the triplet (Z¢, Zys1, Yie1) | {Yout = yout }:

Zy | {You = you} ~ Na. (piage, Qe (4.27)
Zeo1 | {Zs = 2, Yot = Yot} ~ Na, (Bz,Q), (4.28)
Yin | {Zt+1 = 2141, Y0t = yO:t} ~ Ndy (A2t+17 E) . (4'29)

Notice that:

e this right hand sides of (4.28) and (4.29) actually do not depend on yg.:, which is a consequence of
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the conditional dependence structure of the initial model. Nonetheless, we kept the dependence on
the left hand side to highlight that this model is conditional to Y.

e for ¢ =0, it is a modified version of Model where the initial distribution of Zy has been updated
according to yo.

Thanks to Proposition we can compute the marginal Z;,1 | Yo and we have:
Zye1 | {Yo:t = Yo } ~ Na, (BMt|t7 Q+ BQt|tBT) .

This distribution (that does depends on Yj.;, thanks to marginalization) is often called the posterior predictive
distribution, and this intermediate step is often referred to as the predict step of the Kalman filter. Then,

as Yii1 | Zina . Yie1 | (Zis1, Zt, Yot ), our intermediate model is equivalent to:

Zye1 | {Yo:t = Yot} ~ Na, (B,ut|t7 Q+ BQt|tBT) ) (4.30)
Yi | {Zt+1} ~ Ndy (AZt+1> Z) . (4'31)

Equation (4.22) is again the straightforward application of Proposition to this model.

Turning to Equation (4.23)), the marginal distribution of Yy is obtained using the Model (|4.25))-(4.26])
and Proposition
Finally, the distribution of Y;11 | {Yo:t = Yot} is obtained thanks to Proposition as it is the marginal

distribution in the Model given by Equations (4.30)-(4.31). This results in Equation (4.24) and concludes
the proof.

Complete log-likelihood It was already stated in Section Equation , that the complete log-
likelihood satisfies:

T-1

log pe(y, Z) = log po(yor, Zo:r) =1ogpe(Zo) +1ogpa(yo | Zo) + Y., (logpe (i1 | Zec1) +10gpe(Zisr | Zt))
t=0

T-1 T
=logpe(Zo) + Z log po(Zs1 | Z¢) + Zlogpg(yt | Zy) .
=0 =0
In the context of linear Gaussian HMM, all the involved terms will be quadratic forms in (Z;)o<i<r, resulting in:

1 1 _
log pe (yo:1, Zo:) == 9 log |Vo| - 5(20 = 110) V5 (Zo = o)

T-1 171 o
- 9 IOg |Q| - 5 Z (Zt+1 - BZt) Q (Zt+1 - BZt) (432)
t=0
T

1 T
-5 log =] - 3 S (ye - AZ) S (ye - AZy) + cst.
t=0

4.2.4 EM algorithm for the linear Gaussian HMM

Once again, we slowly detail each step of the EM and provide the complete EM at the end of the section.

4.2.4.1 Objective function Q(0 | H(h))
For a current parameter ("), we have to compute from (4.32)

Q0] Q(h)) =Egn [log po (Yo, Zor) | Y = y],
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where Y = Y. and y = yo.r. Notice that it has the same form as Equation (4.5) in the discrete HMM case.
Developing for this specific case, it results in:

1 T
Q016" =est - (log Vol + (T = 1) log [22] + T'log [ + g Vg o + - ] E‘lyt)
t=0

T
Ve By [Zo | Y =yl - Dyl S ARy [Z: | Y = y]
t=0

S

-1
-3 (B x By [ 22,1 | Y =y])
0

tr (Vo' + ATS A Egon [ 2025 | Y =y]) - %tr (7' + ATSTA) x By [ Z1 27 | Y = y])

~
Il

=

tr((Q7 + ATS A+ BTOTB) x By [2:2] | Y = y]).
1

NN R
S

t

The key takeaway from this discussion is that the objective function depends on the marginal smoothing
distributions (see Definition [4.1)), specifically on their mean (line 2 of the equation above) and second-order
moment (lines 3 to 5). Specifically, remembering that:
Ee(h) [ZtZtT | Y = y] = Vg(h) [Zt | Y = y] + Eo(h) [Zt | Y = y]Ee(h) [Zt l Y = y]T y
Eoon[Z: 2Ly | Y =y] = Covomn (Zt, Zes1 | Y = y) + Egm [Ze | Y = y]Bgm [Zei1 | Y =y]",

we have to compute (for any ¢ € {0,...,T} and a current parameter 6):
ug‘hT) =B [Z:|Y =y] Smoothing mean, (4.33)
Qg‘hT) =V [Z: | Y =y] Smoothing variance. (4.34)

Moreover, for ¢ € {0,...,T — 1}, we need

QE}ZHT = Covyry (Z4,Z111 | Y =y) Smoothing auto-covariance . (4.35)

These quantities can be computed efficiently using the following Kalman smoother, which builds on the Kalman
filter from Proposition and proceeds via a backward recursion.

- N
Proposition 4.8 (Kalman smoother). Under Model the smoothing distributions, i.e., the distributions
of Zy | Yorr (for 0<t<T) are given by Gaussian distributions with mean pyr and variance Qyp such that:

e Fort=T, upr and Qqp are given by the filtering distribution at time T (given by Proposition ;

o ForT-1>t2>0:

Heyr = Myt T I’it (Mt+1|T - Bﬂt\t) _ where K =0 B WL 4.36
{ Qur = Qp+ Ky (QUsrjr - Wern ) K7 b e (4.36)

and the other quantities (jy; and Wiyq) are defined in Proposition |4.7. Moreover, we have that:

Qi o1yt = EtQHl\T- (4.37)
~ J

Proof of Proposition 4.8

For t = T, the expression of urpr and Qg are indeed given by the Kalman filter, as the marginal
filtering and smoothing distributions coincides at time 7' (see Definition [4.1]).

For T -1 >t > 0 will then proceed by a backward induction. Working with densities, we have, for
0<t<T -1,

pe(Zt | yO:T) = ./11.@ p0(2t72’t+1 | yo:T)dZt+1

= fRd p(Zt | Zt+1ayO:T)p9(Zt+1 | :Uo:T)dZt+1 .
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Taking advantage of conditional independence, we have:
po(zt | yor) = fRd Po (2t | 2415 y0:0 )P0 (2001 | Yor)dzess - (4.38)

We recognize in the integral the distribution of Z;|{Z;11 = z¢41, Yot = Yot} that can be obtained using
Proposition on Equations and ([4.28):
Z | {Ze41 = 2041, Your = Your } ~ Na, (puags + K, (2641 — Buye) , (I - fN(tB) Qupt) (4.39)
where we defined
K =QyuB"(Q+BQ,B") " =QyBTWY,

which can be computed after the forward pass. Equation defines the backward analogous of the predict
step. It is known in the hidden Markov literature (see |Cappé et al.| [2005], for instance) as the backward
kernel. This backward model defines a new model to move backward from the smoothing distribution at
time T'. This model is defined by the following equations, for every 0 <t <7 - 1:

Zin [{Y =y} ~ Ndz (.Ut+1|Ta Qt+1|T) ) (4.40)
Z|{Z1 = 241, Y =y} ~ Ny, (pagp + Ko (Zee1 - Buye) , (I - K:B) Qypt) - (4.41)
Then, the marginal distribution of Z; in this model admits (4.38)) as probability density function. This
distribution is again given by Proposition [A-6}
Zy | {Y =y} ~ Na, (/Jt\t + I (,ut+1|T - Bﬂt|t) ) (I - I?tB) Qi + IN(tQt+1|TI?tT) .

Noticing that: _
BQT =W K],

we have that Q= Qy + K, (QH”T Wt+1) . » which proves
Finally, Proposition gives the joint distribution of (Z, Zt+1) [{Y =y} (for 0<t<T-1), and in

particular: N
Cove (Zt,Z141 | Y =y) = KiQr,

which proves (4.37)) and concludes the proof.

4.2.4.2 EM algorithm

-
Algorithm 4.3 (EM step for Model. Starting from 0 | the update ") is obtained by:

(h) (h)

o F step Computing (“t|T’Qt|T and (QE’;)+1|T)0<1§<T ) using Pmposition with parameter (")

)O<t<T
and setting:

(h) _ o(h) (h) (,,(h) (h) (h) OIAY
St|T Qt\T t Hyr ('ut\T) J eh 1T = Qt,t+1\T t HyT ('ut+1|T) :

o M step Setting:

-1

R+l ~ ~(h) (h)
s (F o) <5 5)
1 T2l T
h+1 (h) h+1) g(h) h+1 h+1) ~(h) h+1
QD) = T ; St+1|T+B( ’ )S (B( : )) (B( ’ )Ct t+1|T) - B )Ct,HlIT)

T T
(h) (h)
A (Z (6 ) (tzos’”)

].
h+1 h+1 (h) h+1 h+1 (h)j/' h+1 (h)};
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Proof of Algorithm
The quantities required for the E-step were justified in the previous paragraph. We now turn to the
M-step, which we proceed to establish. We begin by noting that

VOQ(Q | e(h)) = VoEgm [logPG(YO:Ta ZO:T) | Y = y] =Eymn) [Vg log po (Yo.T, Z(]:T) | Y = y] ,

since the integration step does note depend on 6. It remains to compute the gradient with respect to the
different elements of #. For sake of simplicity, we focus on the updates for X, , A, and B, which represent
the main parameters of interest. E| Using rules of derivatives with respect to matriceﬂ we have that:

dlo Yo, Zo: 1 e -
gpe(asolT o1) ==5 (T+Q 'S (Zi - BZy)(Zya —BZt)T)Q !
=0

0logpe(Yor, Zor) = .
=-Q) Zi1—-BZ)Z
aB tg(:)( t+1 t) t
T
OlosroorsZor) __1( (1 +1y+ 57 Y (v - AZ) (¥ - A2)7) 5
o5 2 Z
alogpe(Yo:T,Zo:T) 1 I =
==X Y. -AZ)Z, .
A ;}( t t) t

Thus, V@Q(9 | H(h)) =0 leads to the updates:

-1

=il T-1
(h+1) _ T _ T _
- . = = , )
B (Z Eoom[Zi41Z] | Y y]) X (Z Eom[Z:2] | Y y]) (4.42)
t=0 t=0
(h+1) 1 TilE [(Z _ gt o ) (Z _ g+ )T Y = ] (4.43)
=T Z o(h) t+1 t t+1 t =Y, .
il 450 T (h+1) T (R+1)\T
=7 2 (Bow[Zea 2 |V = y]+ B VB [2:2] | Y = y](B™)
t=0
~Eo[Zi41 2] | Y = y|(BP)T - B" VR0, [2,2],, | Y =y]),
T T -1
A1) _ (Z YiEgm|[Z] | Y = y]) x (Z Eoom[2:2] | Y = y]) , (4.44)
t=0 t=0
ey 1 & _a(he1) ) o\ (v
DO = S By [ (i - A Z,) (Y- A%V 2) | Y =y, (4.45)
t=0
1 T

_ T _ A(h+1) r _ (h+1)\T
_7T+1t:0(Yth AP DRy 2,2; | ¥ = y](A0D)

“YiEgm[Z; | ¥ = y|(A™D)T - AP D [2, | ¥ = 1Y) )

The proof is concluded by replacing the expectations by there computations from the E step.

%In practice, pup and Vj are often supposed to be known or related to 2 and B.
That can be found in [Petersen and Pedersen| [2008].

4.2.5 Conclusion

In this section, we have highlighted the strong relationship between Kalman filtering, a well-established method
in signal processing, and the Expectation-Maximization (EM) algorithm used for parameter estimation in Linear
Gaussian Hidden Markov Models, which are commonly applied in ecology. To obtain the maximum likelihood
estimates of the parameters, the EM algorithm can be employed, albeit with the cost of an iterative E-step,
which corresponds to a Kalman smoother.

93



4.3 Latent variable models based on phylogenetics trees for evolution

4.3.1 Context and motivation

Evolution lies at the heart of many conceptual frameworks in biology and ecology. Numerous models have been
developed to describe how species’ characteristics evolve over time. These evolutionary models typically rely on
a phylogenetic tree, which represents the sequence of speciation events leading to the currently observed species,
known as the extant species. Two commonly studied types of characteristics are: (i) quantitative traits (such as
body weight, gestation length, etc.), and (i7) genomic sequences (for a given gene).

The aim of this section is to introduce two classical evolutionary models and show how the general inference
methodology described in the book applies. As with most models, the critical component is the E step and we
will see how a recursion (similar to forward-backward recursion presented in Section allows to achieve it in
an efficient manner. While we introduce both models and detail their inference procedures—specifically the
E-step—we do not include any biological illustrations at this stage.

The data at hand typically consists of,

e the traits or sequences (y;)1<i<n Observed for n extant species and,

e the phylogenetic tree describing the common past evolution that relates the extant species.

The left panel of Figure gives an example of a phylogenetic tree: it encodes both how species (or ancestor)
derive from each other (topology of the tree) and the time that separates each (extant or ancestral) species from
its direct ancestor (branch lengths). Each extant species is associated with a terminal node of the tree while
each ancestral species corresponds to an internal nodes.

e ~
Definition 4.2. The root of the tree, located at the top, is called the Most Recent Common Ancestor
(MRCA) of the n extant species.

Assuming each speciation event results in exactly two descendant species, the tree includes n—1 ancestral
species (labelled j =n+1,...2n—-1). In the following, we may replace the index 2n — 1 with "MRCA’ to
emphasize its role as the root. We further denote by pa(k) the (unique) parent of node k (either internal
or terminal). The branch lengths dy, (1 <k <2n—2) refer to the evolutionary time that separates species k
from its parent pa(k).

For any k=1,...,2n -2, let hy, stand for the length of the path from the root (MRCA) to node k

Depending on the problem, branch lengths dj may either be provided or require estimation.

Latent variables and graphical model Let us denote by {Z;},+1<i<2n-1 the traits or sequences corresponding
to ancestral species, which are not directly observed. These variables are latent and are related to the observed
traits of the extant (currently living) species, denoted by {Y;}1<i<n. The relationship between ancestral and extant
traits is defined by a statistical model, whose structure reflects the dependencies encoded in the phylogenetic
tree. The graphical model associated with this evolutionary process mirrors the topology of the phylogenetic
tree, as illustrated in the right panel of Figure In this graph, the edges represent evolutionary relationships
and are directed forward in time, from ancestral species to their descendants.

4.3.2 Two models of evolution for quantitative traits and genetic sequences

In this section, we address in parallel models for quantitative traits (continuous variables) and for genetic
sequences (discrete variables). To avoid duplicating each formula for the two settings, we adopt a slight abuse of
notation: for a continuous variable Z, we denote by pg(Z = z) its probability density evaluated at z. Unless
otherwise specified, all marginalization and integration formulas will be written as integrals; in the discrete case,
these should be understood as finite sums.

4.3.2.1 Gaussian models for traits evolution.

The most widely used model for studying the evolution of a continuous trait is the branching Brownian motion
[see, e.g. [Felsensteinl [1985] [Bastide et al., 2024]. The available data consist of

e the observed values of the continuous trait for n extant species y = (y1,...,y,) and
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Figure 4.9: Evolution model: Fictitious example with 5 extant species. Left: Phylogenetic tree. 'sp. 1’ to 'sp. &’
= extant species, 'anc. 6’ to ’anc. 9’ = ancestral species. The branch lengths d; (1 <4 < 2n - 2) refers to the
evolutionary time that separates species ¢ from its the parent pa(i). Right: Graphical model. The variables
(Yi)1<i<5 are observed, whereas the variables (Z;)¢<j<o are latent.

e a phylogenetic tree as depicted in Figure The tree provides information about both its topology and
the branch lengths (dy, ..., d2n—2).

s 2
Model 4.4 (Branching Brownian motion for quantitative traits). Starting from the trait value of the MRCA

ZMRCA = Zan-1 = [,

the value of the traits evolves as a Brownian motion with variance o down each branch of the tree and two
independent paths start along each new branch below each internal node.

The difference between the value of trait at any internal or terminal node k =1,...2n —2 the value of the
traits of its parent has then a Gaussian distribution with mean 0 and variance dypo?:

Vi<i<n: Yi-Zpuy ~N(0,di0?), Vn+1<j<2n-2:  Zj~ Zpacy ~N(0,d;0%).

The values of the traits Y., at the leaves (or terminal nodes) are observed, whereas these at the internal

L nodes Zy+1.2n-1 are latent.
J

For each species, the centring of the distribution of the trait difference reflects the inheritance of the ancestor’s
trait. Because the phylogenetic tree is supposed to be known, the model’s parameters hence reduce to

0= (u,0°).

Remark. Note that here, there is no natural split between 0y, and 0,,s. Besides, the latent variables are
continuous random variables.

Figure gives an example of a path of Model consistent with the tree given in Figure The value
at the MRCA can be assumed to be fixed (Zyrrca = p) or random (Zarpca ~ N(u,fyZ)). In the latter case, the

model parameter becomes 6 = (11,72, 0?).

Remark. Observe that, because the extant species are all contemporary, the branch lengths need to satisfy the
ultrametric constraint, which is that the time that separates each of them from the MRCA is the same. For
example, in Figure[{.9, the total height h of the tree is

h:d8+d6+d1:d8+d6+d2:d8+d3:d7+d4:d7+d5.

4.3.2.2 Continuous time Markov models for evolution of sequences

Sequence evolution models aim at understanding the diversity of the gene sequences that are shared (or
homologous) across a set of n extant species. The data consists of the n sequences (Y;)1<i<n, €ach of length
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Figure 4.10: Branching Brownian model for quantitative traits. Example of a branching path consistent with
the topology and the branch lengths of the evolution tree from Figure

p: Y; = (Yi1,...Y;p), and the topology of phylogenetic tree that relates the n species. The branch lengths are
usually left unknown, and therefore need to to be estimated.

When dealing with genomic sequences, the sites Y;; take values in the alphabet A = a, g, c,t. In contrast,
for protein sequences, the alphabet corresponds to the 20 standard amino acids, so |A| = 20. Under the most
classical models, the p sites of the sequence are supposed to evolve independently according to a branching
continuous time Markov process with rate matrix (infinitesimal generator) Q-

The reader may refer to [Karlin and Taylor| [1981] for a general introduction to continuous time Markov processes
and to |[Felsenstein| [1981], Durrett| [2008], or [Pardoux]| [2024] for their application to sequence evolution.

In this setting, we denote by exp(A) the matrix exponential of A, that is, for a square matrix A: exp(A) =
Skso A /KL
e ™
Model 4.5 (Sequence evolution). Starting from the sequence Zon—1 = Zyrea of the MRCA, each site of
the sequence evolves independently as a continuous time Markov process with rate matriz Q = [Aab]abea
down each branch of the tree and two independent paths start along each new branch below each internal
node.
The conditional distribution of each site of sequence of any internal or terminal node is hence:

Vi<i<n,¥l<u<p: P(Yiu = 0| Zpagiyu = @) = [exp(diQ)]as,
Vn+l1<j<2n-2,Vl<u<p: P(Zju =b| Zpa(jyu = a) = [exp(d; Q)] ab-

The sequences Yi., at the leaves (or terminal nodes) are observed, whereas these at the internal nodes

Zp1on—1 are latent.
- Y,

Similarly to Model the root sequence can be assumed either fixed (Zyrca = 2mRrca) or random. In the
latter case it is often assumed that the entire process evolves in a stationary regime, meaning that each site
ZrmRc A of the root sequence is drawn from the stationary distribution v of the rate matrix Q (v'Q =0).
The topology of the tree is usually supposed to be known (or to be estimated by another method) and the
unknown parameters are the branch lengths and the rate matrix, that is:

0 = (Q, (dr)1<k<an—2) -

A wide variety of versions of Model exist, depending on the parametrization of the rate matrix ). For
example, the Jukes and Cantor model [JC model, see [Jukes and Cantor|, [1969] assumes that the mutations
between all nucleotides occur at the same rate, whereas the two-parameter model proposed by Kimura, [1981]
(K2) makes a distinction between transitions (i.e. either a <> g or ¢ <> t) and transversions (all other mutations).
Ordering the nucleotides as {a, g, c,t}, the two respective rate matrices are

- a a « - a B B
a - o o a - B B

Q= 0 o - ol QK2 = 5 8 - a (4.46)
a a a - 8 B8 a -

so the actual set of parameters is € = («, (dg)1<k<on—2) for the JC model and («, 53, (di)1<k<on—2) for the K2
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model. Under the JC model the transition matrix after a time ¢ has a simple form:

[ (1+3e7*) /4 ifa=0b,
[exp(tQ)]ab = { (1-e*t)/4  otherwise.

Hence [exp(tQ)]aa decreases from 1 to 1/4, as t goes from 0 to infinity, whereas, when a # b, [exp(tQ)]ab
increases from 0 to 1/4. As a consequence, under the JC evolution model, all transition probabilities tend to
1/4, meaning that the transition process is asymptotically uniform.

Reversibility. For identifiability reasons, sequence evolution models such as Model are most often required
to be time-reversible, which means that the probability to move from state (nucleotide) a to state b within
time ¢, is the same as the probability to move from state b to state a within the same time. This implies
that po(Z; = 2" | Zpa(j) = 2) = Po(Zpa(jy = 2 | Z; = 2"). Note that, for the trait evolution Model the
same property actually already holds . Indeed, because the Gaussian distribution is symmetric, we have that
po(Zj = 2" | Zpaijy = 2) = d)(z'; z,deQ) = (b(z; z',deQ) where z ¢(z;m,02) is the Gaussian density.

4.3.3 Likelihood functions for the two evolution models

Complete likelihood Because of the tree shape of the graphical model, the complete likelihood of a model
such as Models [£:4) or [I.5] can be written as product of conditional distributions, starting from the root, that is:

2n-2 n
p9(Y1:n72n+1:2n—1) = pQ(ZZn—l) H pQ(Zj | Zpa(j)) Hpe(Y; | Zpa(i))' (447)
j=n+1 i=1

The conditional distributions obviously depends on the model. For example:

under Model 41 P6(Z; | Zpa(y)) = N Zj; Zpa(s) - djo>), (4.48)
P

under Model [L.5]: P9(Z;j | Zpajy) = 111[exp(djQ)]Zpa(].)mzj)u, (4.49)
u=

and respectively for pg(Y; | Zpa(iy)-

Marginal likelihood ~We can write the marginal distribution of any variable Z; or Y; by iterating the
conditional distributions (4.48)).

s N
Proposition 4.9 (Marginal distributions of the variables). For any j=1,...,2n-2, let h; stand for the

length of the path from the root (MRCA) to node j E| Under Models and the marginal distribution
of each node Z; for j=n+1,....2n-1 orY; fori=1,...,n is:

po(Z;) = fpe(ZMRCA =2)po(Zj | Zympeoa = z) dz. (4.50)
where
under Model [.7]: po(Zj | Zmroa = 2) = ¢(Zj;z7hi02), (4.51)
under Model [{.5: po(Z; | Zyirca = 2) = Igll[exp(hiQ)]zwzj‘u,

and po(Zarrea = 2) is a Dirac distribution if Zyrea s assumed to be fized or

under Model [].7): ZMRCA ™ N(ﬂv'YQ)v
under Model [].5: ZMRCAu ~V

if Zyrroa 18 6 random variable.

“In Figure he = dg + ds and hy = d7 + d4
)

As a consequence, we have an explicit expression for each pg(y;). However, theses expressions do not allow for
the calculation of the joint likelihood of all the observations pg(y1.), due to the dependencies between the latent
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variables:

Po(Y1:n) :f'fpe(zm—l)pe(yi | Zpa(i) = Zpa(i)) dZn+1 -+ dzana

2n-2 n
:f':/p0(22n71) H pe(zj | Zpa(j) = Zpa(j)) Hpa(yi | Zpa(i) = Zpa(i)) dzpe1 ... dzop-1, (4'52)
j=n+1 i=1

which involves the evaluation of a (n — 1)-dimensional integral. [Felsenstein) [1981] proposed an efficient way to
evaluate the marginal likelihood of the observed data pg(y1.,) (Equation [4.52)), taking advantage of the tree
structure of the graphical model.

e N
Definition 4.3. Let sub(k) be the set of all observed variables located downward the (internal or terminal)
node k. As an example, in Figure : Ysub(8) = 1¥1, Y2, Y3} and Ysun(ay = {ya}. For any tree,

Ysub(MRCA) = {vib1<isn-

In addition, each internal node j has two direct offsprings. Let £(j) denote the left one and R(j) the
right one. Then:

Ysub(5) = Ysub(£(4)),sub(R(4))"
\ J

Because each node is independent from the top of the tree, given its parent, a pruning principle can be
applied recursively to the whole tree, from the leaves to the root.

s N
Proposition 4.10 (Felsenstein’s tree pruning algorithm). Let ¢;(z) denote by the likelihood of the observed
variables downstream j conditional on Z; = z.

€i(2) = po(Ysub(s) | Zj = 2) (4.53)
Then £;(z) can be computed iteratively by the following formula:
6 = ([ (Zeiy =l 2 = 2)tey ) du) ( [ po(Znisy =01 25 = Yoy @) o). (450)

As a consequence,

Po(Y1:n) = Po(Ysub(mRCA)) = [pe(ZMRCA =z)lmrca(?) dz. (4.55)
\ J

Proof of Proposition [4.10

6](2) :pe(ysub(j) | Zj = Z)
:[uUPG(ysub(j) | Ze(j) = u, Zn(jy = v, Zi=2)po(Zg(j) = U, Zn(jy = v | Zj = z) du dv

using the fact ysub(j) = Ysub(£(j)),sub(:r(5))+ SO
li(z) = fuvaG(Zﬂ(j) =u| Zj = 2)pe(Zmjy = v | Zj = 2)Po (Ysub(£(5)),sub(R()) | Ze(s) = Uy Zm(y) = v) du dv

= fuyvpe(Zs(j) =u|Zj=2)pe(Zmejy = v | Z;j = 2)Po (Ysub(2(5)) | Z2(j) = w)Po(Ysub(3(5)) | Zom(y) = v) du dv
using the conditional independence

= [pH(ZE(j) =u| Zj = 2)le() (Wpe(Zn() = v | Zj = 2)l(j) (v) dudv.

We obtain the expected result (4.54)). The last formula comes from the fact that yi., = Ysup(rrrcA)-

Thus, all functions ¢;(z) can be evaluated recursively for j=n+1...2n -1 to compute eventually ps(yi:r).
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For the tree from Figure this gives

Po(rn) = Po(susco)) = [ po(Zo = 2)to(2) dz
where  £o(2) = (f po(Zs = | Zo = 2)bs (1) du) ‘ (f po(Ze = | Zy = 2)0r(v) dv),
t7(2) =po(ya | Z7 = 2) xpo(ys | Z7 = 2),
() = pou | Zs =) [ 90(Zs =u] Zs = 2)to(w) du).

and  Ll(2) =po(y1 | Z6 = 2) xpo(y2 | Zs = 2).

4.3.4 E step for the tree based evolution models

We may now present the E step of the EM algorithm that enables to estimate the parameter 6 of both Models
44 and 5] As in most other models presented in this book, the M step does not raise specific difficulties and
can be achieved either in close form or via numerical optimization, so we do not provide the explicit update
formulas for the parameter.

Because the complete likelihood given in only involves pairs of variables of the form (Z,,;), Z;), the
E step, aims at evaluating the conditional distributions pe(Z; | Yi:n = y1:n) and pe(Zpa(jy, Zj | Yiin = y1:n). This
can be done thanks to an upward-downward recursion along the tree, which is similar to the forward-backward
recursion already described for hidden Markov models (HMM: see Section Proposition . This similarity
stems from the fact that the graphical model of a HMM given in Figure is itself a tree, Z; being the root
and Y7, being the terminal nodes.

Let us denote the conditional distributions of interest by

a;j(2)  =po(Zj | Yaub(j) = Ysub(s))
7(2)  =pe(Z; =2 Yam = y1:n) (4.56)
§j(u7z) :pe(Zpa(j) :u7Zj :z|Y1:n:y1:n)~

s N
Proposition 4.11 (Upward-downward recursion for E step in evolution models). The conditional distribu-

tions a;(z), 7;(2) and &;(u,z) defined in (4.56) can be computed as follows.
Upward recursion: starting from a;(y) = d¢,,1(y) fori=1,...n, iterate for j=n+1 to j=2n-1:

aj(z) o< po(Z;j = 2)¢;(2).

Downward recursion: starting from Tarroa(2) = Ton-1(2) = asn—1(2), iterate down the branches of the

tree:
§i(u, 2) = o (2)Tpa(y () B (u, 2), 7i(2) = ffj(uaz) du,
where
ey P =00 = i =)
L e pr(Zj =u)pyg(Zj=v]| Zpa(j) = w)a;(v) dv’ )

The proof is provided in Appendix Notably, all integrals involved in the upward-downward recursion
from Proposition simplify to finite sums in the case of sequences (Model 4.5)) or have explicit forms when
applied to Gaussian models, such as in Model [£:4]

4.3.5 The special case of Gaussian models

The EM algorithm is actually not required to make the inference of certain trait evolution models. Indeed, under
Model assuming that the trait value of the MRCA is fixed to Zyrrca = 1, it is easy to check all other traits
values have a joint multivariate Gaussian distribution.

Using the distributions given in (4.50)) and (4.51)), we see that the mean of each latent (Z;) or observed (Y;)
trait is p (as the motion has do drift) and that its variance is proportional to the length (h; or h; = h) of the
path that separates its from the MRCA. Furthermore, using the properties of the Brownian motion, it comes

that the covariance between two nodes is proportional to the length of the common path that separates them
from the MRCA.
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Overall, denoting Y = [Y1.,]" and Z = [Z,41:2n-2]", we have

Y 1, ol Dyy Dyx
ool o e 2| i
[ —
D

In the example of Figure [1.9] the matrix D is

[ h ds + d6 dg 0 0 dg + d@ 0 dg ]
h dg 0 0 dg + d6 0 dg
Dyy = h 0 O Dyx = dg + dg 0 dg
h dr 0 dr <0
b= h 0 di 0
he 0 ds
Dxx = he 0
| hs |

where h is the height of the tree and both Dyy and DX X are symmetric matrices.
Hence, under Model we have a direct access to the marginal likelihood of the observed traits y = [y1 ... yn]":

po(y) = ¢(y; pln, 0 Dyy ),

so (i) the MLE of y and o2 can obtained by a direct maximization of log pg(%) and (ii) combining the joint
distribution (£.57) with Proposition [A.3]from Appendix[A.1.2] we also have access to the conditional distribution
of the ancestors’ traits Z,,+1.2n-2:

(Z|Y =y) ~ N(pln-s + DY x DYy (y - ), 0° (Dxx = Dy Dy Dy x))-

The joint distribution (4.57) can be easily be adapted to the case where the root value Zy;rca is itself
random and Gaussian (Zy;pca ~ N (M,WQ) by simply adding the root Zy;rca as a new coordinate of the vector
Z and 72 to all variances and covariances.

Such close form results obviously provide a comfortable setting to work with. Still, when dealing with a large
number of species n (say n > 1000 as in microbial ecology), one may prefer to avoid the inversion of the matrix
Dyy when inferring the ancestral traits and resort algorithmic simplifications similar to the EM algorithm
presented above [see Ho and Anél 2014].

Remark. The factorizations used in Proposition are valid thanks to the Markovian structure of the
Models[4.4] and [{.5, which ensures conditional independances. In Models [{.4) and[{.5, the conditional moments
required for the E step have close form expressions because the emission distribution is respectively Gaussian
and multinomial. The existence of an exact EM for these two models therefore results from both a tree-structure
Markovian dependency structure and specificities of the emission distribution.

4.3.6  Conclusion

In this section, we explored the application of the Expectation-Maximization (EM) algorithm to evolutionary
models, where the E-step is enhanced by the Felsenstein algorithm. This approach takes advantage of the
phylogenetic tree structure to efficiently compute the conditional distribution of the latent variables. By
incorporating the tree’s topology, the Felsenstein algorithm significantly reduces the computational complexity,
enabling the EM algorithm to perform more efficiently in large-scale evolutionary studies. This method highlights
the synergy between statistical inference and evolutionary biology, offering a robust framework for parameter
estimation in models that account for both phylogenetic relationships and latent evolutionary dynamics.

4.4 Composite likelihood: application to spatial data (SR)

As said in Introduction chapter [T} we chose not to consider spatial models in this book, as it requires very
specific methodological developments. Still, because ecological observations are often associated with a spatial
structure, we briefly present here an emblematic model that involves both a spatial dependency structure and a
latent variable structure: the hidden Markov random field model. Because of the complex dependency structure
induced by this model (each site influences its neighbour, and conversely), its inference is often carried via a
so-called composite likelihood approach, rather than via maximum likelihood. Taking the opportunity of this
model, the aim of this section is to show how the general EM Algorithm introduced for maximum likelihood
inference can be adapted to composite likelihood inference.
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4.4.1 Data and question

A typical dataset would consist in the observation of the abundance of, say, a plant species accross a series of
sites arranged in a lattice (i.e. a regular grid). Denoting by i = 1...7n the row of the lattice and by j =1...m its
row, each observation site is located as s = (i,5). We denote the observed abundance at site s as Yy. Assuming a
spatial heterogeneity of the environment, the goal is to classify the sites into a finite set of categories 1,... K,
corresponding to different environment types, each being more or less favourable to the species.

4.4.2 The hidden Markov random field model

An easy way to account for some spatial dependency structure in the data is to encode it in a latent random
field Z, such as a Gibbs random field. We only consider a simple version of Gibbs field, namely the (simple)
Potts model.

s N
Definition 4.4 (Potts model). A random field Z = (Zs-(; j))1<i<n,i<j<m € {1,... K}"™ follows a Potts
model with parameters a = (o ... o) € RE (such that Y1, e* =1) and § € R: Z ~ Potts(o, 8), iff

nm K K
P25 g (5 By 8 5 5 )

s=1k=1 s~s! k=1
where
o 7 is the indicator variable Zg, = 1{Z, = k},
o s=(i,5) ~s" =(i,5') means that the sites s and s’ are neighbors: |i—i|=1 or|j—j'| =1, but not both.

e C(a, B,nm, K) is the normalizing constant ensuring that ¥ cq1,  xynm P{Z = 2z} = 1.
N )

In Definition [4.4] the parameter oy, controls the marginal probability for each site to be in state k and the
parameter [ controls the strength of the interaction between neighbor sites: neighbor sites tend to be in the
same state when 3 > 0, whereas the tend to be in different states when 8 < 0. 5 =0 yields an absence of spatial
dependency. Heterogeneous versions of the Potts model involve state-specific interaction parameters Gig.

An important feature of the Potts model is that each site is independent from all others, given its neighbors.
Another important feature is that there is no close-form expression of the normalizing constant C, making its
evaluation intractable even for moderately large dimensions of the lattice.

Hidden Markov random field model.
s N
Model 4.6 (Hidden Markov random field model with Poisson emission). Let

Z = (ZS=(i,j))1Si§n,1Sj£ma
Y = (Y:e=(i,j))1sisn,1sj5m,

be respectively the set of latent variables and observed abundances at each site. We assume:

Z ~ Potts(a, B) ,

YS|{Zs:Zs}”~LdP(>\zs) 1<s<nxm.
- J

Denoting A = (Mg )i<k<k, the set of intensities, the set of parameters of the hidden Markov random field
Model [4.6] is

Graphical model. The graphical model associated with Model is displayed in Figure Observe that,
the dependency structure of the hidden field Z is not tree-shaped, as opposed to hidden Markov models (Figure

or evolution models (Figure [4.9).
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Figure 4.11: Graphical representation of the hidden Markov random field model (Model .

4.4.3 Likelihood and composite likelihood for the hidden Markov random field

The likelihood of y for Model has the following expression:

nm

pe(y)= P(Z=Z)lj[17’(ys;kzs)

ze{l,.. .K}nm
1 nm K K )nm
= € A Zsk + ZskZs! P s5 )\25 .
C(Oé, ﬁ)nm7K) ze{l,.ZK}"m P (521 k;l bk BSZS’ 1;. g § S=1—[1 (y )

However, C(a, 8,nm, K) having no explicit expression and depending on 6, pg(y) can not be computed explicitly
and can not be optimized. In addition, because of the two-dimensional structure of the hidden field Z, exact
recursions such as these presented in Sections or do not apply. The maximization of the (log-)likelihood
can therefore not be achieved directly. An classical alternative then consists in dealing with a modified version
of the likelihood.

Composite likelihood. The name ’composite likelihood’ (or 'pseudo-likelihood’ or ’quasi-likelihood’) refers
to-a wide series of methods that have been developed for the inference of models with complex dependency
structure [see [Varin et al.l 2011, for a general presentation]. Considering a model parametrized by 6 and involving
N non-independent variable Y = (Y7,...Yy), a composite log-likelihood is a (possibly weighted) sum of the
marginal log-likelihoods of subsets of variables Y7,...Yny.

More specifically, let {C}}1<<p be a set of subsets (also named "blocks’) of {1,... N}, such that their union
is {1,... N}, denoting Y¢g, = (Ys)sec, and y¢, = (¥s)sec,, the composite log-likelihood based on the blocks
C4,...Cp, is defined as

B
cly(y) = Y wylogp (ye, ) - (4.58)
b=1

Note that the intersections between the blocks are not required to be empty (and are not in general). The
corresponding composite likelihood writes

[T [po (e, )™

b=1

The maximum composite likelihood estimator is then defined as

B¢, = argmax cly(y).
0
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Importantly, under fairly general conditions, Ocr enjoys similar properties as the maximum likelihood estimator
O = argmaxy logpg(y). In particular, ¢y, is consistent, asymptotically Gaussian and its asymptotic variance
is given by the so-called Godambe matrix [see [Varin et al.| [2011].

As said before, the blocks (C}) often overlap. Introducing this redundancy is intentional: overlapping blocks
can help capture more of the dependence structure without needing to model the full joint distribution. However,
some precautions must be taken in, for instance by weighting the composite terms to avoid over-counting certain
parts of the data (wyp in the definition).

Remark. Composite likelihood inference is obviously not limited to spatial data: the combination of log-likelihood
evaluated evaluated over blocks of observation may be considered as soon as the dependency structure of the
model is too involved. For example, it is used by|Ambroise and Matias [2012] for the inference of a stochastic
block model (see Section as an alternative to a variational approrimation (see Section .

Pseudo likelihood for the Potts hidden Markov random field. In the case of Model the blocks are
often chosen as the pairs of neighbour sites:

{Cv}rcveB = {(5, 5’) s 5’}~

There are actually B = 2mn —n — m such pairs and, setting all the weights to w;, = 1, this yields

B
cly(y) = Y logpe (Y, ) = . 108pe(ys, ys)- (4.59)
b=1

s~s’

Under the stationary regime of the Potts model from Definition (neglecting boundary effects), the joint
distribution of two neighbor sites s and s’ is given by

1 1
e o Blik=ty —

“Py(Zy =k, 2y =l) = ——— —
it = Bo(Z, )= Sl K) C(a, 6.2, K)

apaph' =0 (4.60)

where ag = e®*, Yr ax = 1 and b = ¢?. In addition, C(a, 8,2,K) = 1+ (b—1) L1k ai. Indeed,

C(Oﬁ,ﬁ,Z,K) = Z ak‘afbﬂ{kze} = Z ag l( Z a[) +Clkb

1<k 0<K 1<k<K 1<U<K 0k

> ak[( D ag—ak)+akb:| = Z ar| Y, ag+ap(b-1)

=1+(b=1) > a;.

1<k<K

Hence, under Model [4.6] the marginal log-likelihood of a couple of neighbor sites is

K K
log po (ys, ys) = log ( 20> wie P(ysi Ak) Plyss /\e)) 7
k=1/¢=1

where the associated couple of latent variables Z,, Z, can only take K? different values, instead of K™™ for the
whole latent field Z.
4.4.4  EM algorithm for composite likelihood inference.

We now demonstrate how an EM algorithm can be constructed to perform maximum composite likelihood
inference in the setting where each individual observation Y is associated with a single latent variable Z,. In
this case, the entire latent variable vector Z can be partitioned into blocks C,...,Cp in the same manner as
the set of observed variables Y. We may the denote Z¢, = (Z5)sec, -

Because decomposition from Proposition applies to each term of the sum of Equation (4.59)), we have:

B
clo(y) =Y. Eo[logpe(ye,: Zc,) | Y, =ye, | - Eollogpe(Ze, | Yo, =ve,) | Ye, =y,
b=1

which suggests the following adaptation of the EM algorithm to composite likelihood inference.
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Algorithm 4.4 (EM for composite likelihood). Repeat until convergence:

E step: given the current estimate 0" of 0, for each block 1 <b< B, compute pgoy(Z¢c, | Y o, = Yo,), or
at least all the quantities needed to evaluate

Qc, (0160 =Eyu[logpe (ye,. Zc,) | Y o = ye, |i

M step: update the estimate of 0 as

i) — arg max z Qc, (0] H(h))
0e® =

- J

The EM algorithm (Algorithm for composite likelihood inference shares a similar property to that
established in Proposition for the standard EM algorithm (Algorithm used in maximum likelihood
inference.

Proposition 4.12 (EM for composite likelihood). The sequence (80,50 defined by the EM Algorithm
is such that:
o (y) > cloiny (y), Vh>0.

Proof of Proposition [4.12

The proof follows the same line as this of Proposition because #"*1) maximizes Y1, Qc, (6 | 60),
we have that

+1 ,Zc,
0< Z Qc, (9(h+1) | g(h)) Z Qc, (g(h) |9(h)) Z]EG(h) log Por+1y (be C ) 1 Yo, = Ye,
b=1 b=1 pew (Ye,» Zc,)

B Z
Do(n+1) s L C
< Z IOg (Eg(h)[ 9(h+1 (be b) ch = ycb])
b=1

pow (Yo, Zc,)
thanks to Jensen’s inequality. Then, applying the same simplification as in the proof of Proposition
within each block, we get for each b e {1,... B} that

1 A .
s ]Eg(h,)[pe(h ) (ye,:Za,) Yo :be] ~log M '
P (Yc,» Zc,) pom (Ye,)

Hence, summing over all the blocks, we get

(Qc, (07D 16M) = Qc, (8 | 6™M))

M

0<

o
Il
=

Mm

(log pocrny (Ye, ) —10gpe (Ye, ) = clonsny (y) = cloam (y),

o
Il
=

which concludes the proof.

Case of the hidden Markov random field. Going back to Model and the pairs of neighbor sites as
blocks, we have for block Cp = (s,s"):

MN

K
logpo (Ye,, Zc,) = 2. Y. ZskZse (logwie +10g P(ys; A) + log P(ysr; Ae))

k=1/=1

which gives

K K
L(0109) = 337 (logwie +10g P (s M) + 1og P(ysrs Ar)) -
k=1/¢=1
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The E step of Algorithm then consists in the evaluation, for each block Cy = (s, "), of the joint conditional
probability

WP (ys; AP (yr; A
S S PP APy A

Ts(:’),kl = HDo(h)(Zs =k, Zy =4 | Y=y, Yo = ys’) =

which makes the E step fully explicit.

As for the M step, the update formulas for the Poisson parameters follows as

A 3 (53 + ) [ 35 (£ e ).

The update for the hidden Markov random field parameters a and b is more invelved because of the form of
Equation (4.60)). Let us rewrite ¥.¢, Qc, (6 | 6() as a function of a and b:

Zch(Gw(h)) = Z Z ng, Mlogwkg+C

s~s! kl=1
=> Z SS, e |log ar +logag + gy logb—log(l +(b-1) )" ak)] +C
s~s' k=1 k=1

K K
= > > TS(:,?M [log ay, +log ag + ;- logb] - log (1 +(b-1) > ai) +C.
k4=1s~s’ k=1

While the zeros of the partial derivatives cannot be determined analytically, they can be approximated numerically.

4.4.5 Conclusion

In models such as the Potts Hidden Markov Model, the full likelihood is intractable due to the presence of an
unknown normalizing constant, making direct application of the EM algorithm unfeasible. In such cases, we
showed that we can resort to a composite likelihood approach, which provides a practical alternative and fits
naturally within a standard EM framework. For more background on composite likelihood methods, we advise
the review by [Varin et al.| [2011].
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So far, we have considered models in which the distribution pg(Z | Y') either has a known form (e.g., discrete
or Gaussian, as discussed in Chapter or possesses moments that can be computed exactly (Chapter @
However, in many situations, neither the distribution itself nor its moments have a known or tractable form,
making the integration of the complete log-likelihood in the E-step infeasible. This typically occurs when
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the observation model follows a complex distributiorEI or when Z is a very large space, and no conditional
independence between the Z;’s can be exploited to reduce the computational effort required to evaluate the
moments of pg(Z | Y). In such cases, one can resort to a deterministic approximation of this distribution within
a carefully chosen family of distributions. Resorting to such an approximation is known as variational inference
(see [Blei et al.| [2017] for a didactic review). The adjective variational refers to the fact that the approximation
is optimal in a sense to be specified. In the context of this book, the combination of such an approximation with
the EM algorithm leads to the Variational Expectation-Maximization algorithm (referred to as VEM hereafter).

In Section we introduce the variational EM methodology and discuss its implications for inference—for
instance for model selection.

In the subsequent sections, we present three families of probabilistic models whose complexity necessitates
alternatives to the classical EM algorithm for parameter inference. We illustrate the use of the variational EM
algorithm with the following three models:

1. The Stochastic Block Model (SBM, Section , which is used to model network data, such as ecological
networks;

2. The Poisson Log-Normal Model (PLN, Section , which is used to model dependent count data, such as
species abundances in biodiversity studies;

3. The Variational Autoencoder (VAE, Section [5.4), a nonlinear dimension reduction method based on neural
networks, in the same spirit as PCA.

5.1 Variational version of the EM algorithm

We consider the setting in which the E step is infeasible due to the intractable or unknown form of pg(Z | Y = y).
The principle of variational inference is to replace this complex distribution with a simpler one, chosen from
a predefined, tractable parametric family. More precisely, we select the member of this simpler family that is
closest to the true distribution, according to a specified measure of similarity between distributions. Among the
various possible metrics, the most commonly used is the Kullback-Leibler (KL) divergence.

5.1.1 The Kullback-Leibler divergence

Let g and p be two probability density function on R%. The Kullback-Leibler (KL) divergence from ¢ to p is
defined as:

KLIa(Z) | p(2)] - Eq[log %;] 7, 1og(§§2)q<z) .

Note that g and p do not play symmetric roles in this definition. In fact, in general:

KL[q(Z) [ p(2)] # KL[p(Z) || ¢(2)].

The KL divergence is therefore not symmetric and thus does not qualify as a distance in the strict mathematical
sense. However, it does satisfy a key property of distances: non-negativity.

Using Jensen’s inequality (Lemma|2.1)) applied to the negative logarithm, we obtain:

_ p(Z) p(Z)|_ _ -
KL[¢(Z) || p(Z)] = —Eq[log q(Z):| > —logEq[q(Z)] =-log /Rdz p(z) dz=-log(1) =0.

Moreover, the KLi divergence equals zero if and only if ¢ = p almost everywhere. Thus, the KL divergence is
strictly positive unless the two distributions are identical.

5.1.2 The variational EM

In our context, where p(Z | Y = y) is intractable, the EM algorithm cannot be applied directly, as the update of
6" at step h requires maximizing the expectation of a function with respect to pyy (Z | Y = y).

The idea of the VEM algorithm is to instead maximize the expectation of the same function, but with respect
to a ”close enough” distribution for which this expectation is tractable. In practice, this variational distribution

lReaders familiar with Bayesian statistics might think of situations where no conjugacy exists between the prior and the
observation model.
2In the following, p will represent the true distribution of Z | Y =y, and ¢ will denote its simpler approximation.
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is chosen from a fixed parametric family—such as Gaussian distributions—which we denote by Q. The closeness
of the variational distribution to pyw (Z | Y = vy) is measured using the Kullback—Leibler divergence.

At each iteration h, this approach requires finding, given the current parameter ), the best approximation
to ppiny(Z | Y =y) within the family Q. This step is known as the variational E-step.

( M)

Algorithm 5.1 (Variational EM). Starting from an initial guess 6©) | repeat until convergence:

VE step: Given the current estimate 0 of 0, and a family of distributions Q, compute:

(2) = argminKL[g(Z) | pon (Z] Y = ).

M step: Update the estimate of 6 as

gh) - = arg max E,m [logpe(y, Z)].
L J

Although the substitution made in the E-step may appear intuitive, a natural question arising from Algo-
rithm concerns the feasibility of the minimization it involves, since it depends on the intractable posterior
distribution pymy(Z | Y = y). Nevertheless, as the next section will show, the algorithm remains operational
despite this apparent difficulty.

5.1.3 The VEM as an alternating optimization of a lower bound of the likelihood

Interestingly, the VEM algorithm described above can be interpreted as a maximization procedure of a lower
bound on the likelihood log ps(y). Indeed, for every 6, the Kullback-Leibler divergence can be rewritten as:

q(Z)
po(Z | Y=y)
=E,[logq(Z)] - Ey[logpe(Z,y)] + Eq[logpe(y)] .

Note that the first term is, by definition, the negative Shaunon entropy of ¢, denoted Ent,[Z], and the last term
is logpg(y), as it does not depend on q. Therefore, we obtain:

logpe(y) = KL[g(Z) | pe(Z | Y =y)] + Ey[logpe(Z,y)] + Ent,[Z]. (5.1)

Equation (5.1]) has two important implications:

KL[q(Z) [l pe(Z | Y =y)] = Ey|log

1. Since the Kullback-Leibler divergence is always non-negative, the sum of the last two terms on the right-
hand side of Equation (5.1]) provides a lower bound for the log-likelihood. Because the log-likelihood is
sometimesﬂ referred to as the evidence, we define, for ¢, 6, and y, the Evidence Lower Bound, or ELBO:

ELBO(q,0,y) = Ey[logpe(y, Z)] + Ent,[Z] < logps(y) - (5.2)
and we obtain:

KL[q(Z) || poer (Z | Y =y)] + ELBO(q,0,y) = logps(y)

2. As logpy(y) does not depend on ¢, minimizing KL [¢(Z) || ppcny (Z | Y =1y)] (as in the VE step) is then
equivalent to maximizing ELBO(q, 0, y), or, equivalently:

argminKL [g(Z) || pyor (Z] Y = )] = axg max ELBO(q 0,) . (5.3)
qe qe

This equality is of first interest as the maximization of the ELBO does not require to know py) (Z | Y = y),
which makes Algorithm [5.1] operational.

The VE step is done by maximizing, with respect to ¢, the evidence lower bound. However, one can notice
that the M step also maximizes the ELBO, with respect to 6 this time, as the entropy term in Equation
does not depend on 6:

arg max E,m [logpe(y, Z)] = arg max ELBO(q,0,y) .

Algorithm [5.1] can be reformulated as:

3Particularly in Bayesian statistics
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Algorithm 5.2 (Variational EM -reformulation). Starting from an initial guess 8°), repeat until convergence:

VE step: Given the current estimate 0 of 0, and a family of distributions Q, compute:

¢M(Z) = amg maxELBO(q,0,y)
qe

M step: Update the estimate of 0 as
0(h+1)

argmax ELBO(¢™, 6, y)
0O

= E,m [logpe(y, Z)].
. J

Thus the variational algorithm is actually an algorithm to maximize jointly in ¢ and 6 the ELBO by
successively maximizing in ¢ then in 6. This process is known as alternating optimization |Bezdek and Hathaway,
2003]. The VEM in this last version is operational since Q is chosen such that ELBO(q,0,y) can be computed
in a close form.

The following proposition shows that each step of the VEM algorithm increases the ELBO.

Proposition 5.1. The sequence of (q(h)ﬁ(h)) defined by the VEM algom'thm is such that:

ELBO(¢"*" 0"V y) > ELBO(¢™, 01 y).

Proof of Proposition [5.1

Because

¢ (Z) = arg minKL [¢(Z) | ppor (2 |Y =y)] = argmax ELBO(q, o™ y)

we have that

and because
oth+1) = arg max E e [logpe(y, Z)] = arg P ELBO(¢"*, 6, y)

we have that
ELBO(¢"*,0("*1) y) > ELBO(q"*"), 0™ y).

Proposition parallels Proposition the VEM algorithm enjoys the same property for the ELBO(q, 6, y)
asthe EM algorithm does for the observed data likelihood log pg(y). Notably, the proof holds when the posterior
po(Z | Y =y) is tractable, that is, when the variational distribution satisfies ¢")(Z) = pyi,(Z | Y = y). Hence,
the proof of Proposition also provides an alternative proof of Proposition

In other respects, it is important to emphasize that we no longer maximize the likelihood directly, which raises
questions regarding the theoretical properties of the obtained estimator. They will be discussed in Subsection
0. 1.0

Alternative formulation for the ELBO As the ELBO is now our objective function, it might be insightful
to have another point of view on its meaning by rewriting in the following way:

ELBO(q,0,) Eq[logpe(y, Z)] + Ent,[Z]
Eq[logpa(y | Z2)] +Ey[logpe(Z)] - Ey[logq(Z)]

= Eqllogpo(y | 2)] -KL[q(Z) | po(2)] (5-4)

In this alternative writing we can recognize the first term as a measure of the quality of reconstruction of the
model pg, whereas the second term can be seen as a regularization penalty, i.e., ¢ will be forced to stick to the
marginal (or prior) distribution of Z. This formulation is the most frequent one in machine learning applications.
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5.1.4 The mean field approximation

The regular E step has been transformed into a variational E step (VE step), the aim of which is to find the best
approximation of the posterior distribution within a certain class of distributions Q. The choice of Q is crucial
and results from a balance between the quality of the approximation (requiring Q to be as large as possible) and
the computational burden (requiring Q to be as small as possible). Choosing Q leads to two main problems:
fixing the class of parametric distributions for ¢ € Q (for instance, Gaussian distributions), and choosing the
structure of dependence for the variables with distribution ¢ (for example, whether the Gaussian distribution is
diagonal).

In terms of dependence structure, the simplest family is the one where every random vectors has independent
components, namely, the class of factorized distributions:

d.
Ous = {a:a(2) - [u(20)}. (5.5

This class of approximate distributions yields a mean-field approximation, because of the following property.
s 2
Proposition 5.2 (Mean-field approximation). The optimal distribution

4(z) =argminKL[¢(Z) | po(Z | Y = y)]

q€Qjact

satisfies, for each latent variable Z;,
Gi(zi) o< exp (Eq; [logpo (Y, 2i, Z;)]) (5.6)

where Z.; stands for the set of all latent variables, except Z;: Z<; = (Z;) ;2 and {<; is the approximate
distribution of all Z;’s, except Z;:
d\i(z\i) = H qu(z_/) .

J#i

Proof of Proposition [5.2

As stated by Equation (5.3), minimizing the Kullback-Liebler divergence is equivalent to maximizing
the ELBO given by Equation ([5.2)). Moreover, under the factorization (5.5), the ELBO satisfies:

dz
ELBO(q,0,y) = Ey[logpe(y, Z)] - Eg, [log I1 Qi(Zi)] :
=1

where we rewrote the entropy term under the factorized distribution assumption. Now, let’s consider a
fixed index 1 <14 < d,, then, note that:

pe(y7Zi7 Z\’L)

-E[log(q:(Z:))],
M52 s 4(Z5) !

ELBO(Q7 Ha y) = Eth lEQ\i llOg

Qi(Zi)
exp (Eq\i [log 71.];35%&’2\” ])

j=1,5#1 q;(Z;)

=-E,|log

Now, let’s consider”]

exp (E(I\i [log 7;52(%2“?“), ])
521 5= 95 (Z5)
]) o< €Xp (EQ\i[logpa(yaZivz\i)]) )
dz

Jexp (Eq“ [log 0%, . 0(Z)

Gi(zi) =

which defines a probability distribution function for Z;. Thus, we have for every 1<i<d,:
ELBO(q,0,y) = -KL[q:(Z:) || G:(Z:)] + cst,

where the cst term does not depend on ¢;. Then, if all other components of ¢ = (q1,...,qq.) are fixed,
replacing ¢;(2;) by Gi(z;) would yield a null KL divergence, that is, a maximal value for the negative
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divergence, and then a greater ELBO. This implies that:

Gi(2:) o< exp (Eg, [logpe(Y, 25, Z4)])

which concludes the proof.

“Note that the integral at the denominator has a finite value, as it is upper bounded by p(y) (by Jensen inequality).

Remark. A more generic but more mathematically involved way of proving this result is to due to Euler and
Lagrange, and uses the calculus of variations, which explains the term variational inference.

However, note that the argument of the proposed proof naturally leads to an iterative algorithm to obtain
4(z). Starting from ¢\ = (q%o)7 .. .,q((ig)), and setting, sequentially, for t >0 and all 1<i<d,:

(t+1) _ E »[logpe(y,zi,Z.i)]
q; o< e Wi

b

where, in this context:

: 1 t+1
0= @02,

leads to a sequence ¢\*) that increases the ELBO, which is a bounded function. Then, by a fized point argument,
any limiﬁ 4(z) of this sequence satisfies Equation (5.6)). This algorithm is called the coordinate ascent variational
inference (or CAVI, see [Bishopl, 20006, Chapter 10]).

5.1.5 Variational versions of BIC and ICL

As discussed in Section model selection is primarily based on the log-likelihood evaluated at the maximum
likelihood estimator (MLE). This raises the question of how model selection can be performed when variational
inference is used — a method that, as will be seen in the rest of the chapter, is sometimes unavoidable. The common
practice in such cases is to replace each intractable quantity with its corresponding variational approximation.

Now let us denote BICy and ICLy the variational versions of BIC and ICL, ¢ the best variational approximation
of pg (Z |Y =y), and 2y = arg max, §(z), we have, for a model m

BICy(m) = ELBO(Q,?V,y) - pen(m)
ICLy,1(m) = log pg, (y, 2v) — pen(m)
ICLy 9(m) = ELBO(§, By, y) - Ents[ Z] - pen(m).

The BIC and ICL criteria will be detailed in the following sections for various models.

5.1.6 Conclusion

Variational approximations provide a convenient way to deal with models where the conditional distribution
pe(Z | Y) is intractable. Still, it must be reminded that the associated VEM Algorithm alms at maximizing
the ELBO (5.2) and not the genuine marginal log-likelihood log pe(Y).

An important consequence is that the resulting estimates are not maximum likelihood estimates and do
not enjoy the general properties of maximum likelihood theory. For example, their consistency, or asymptotic
normality is not guaranteed in general, and uncertainty measures (e.g. confidence intervals) are often not
available. In practice, one often has to assess the accuracy of variational estimates with careful simulation studies
and to resort to resampling or jackknife post-processing to have access to the variability of the estimates.

Variational inference is one example of the no-free-lunch principle: what we gain in terms of model complexity
and computational efficiency is partially lost in terms of statistical guaranties.

5.2 Network analysis with SBM

In this section, we introduce a probabilistic model for analyzing ecological networks: the stochastic block model
(SBM).

A network is considered unipartite when it represents interactions within a single group of species. For
example, food webs are directed unipartite networks (see |Aubert et al.|[2022] for a more detailed introduction).

4Which would depend on ¢(®).
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In contrast, a network is said to be bipartite when it describes interactions between two distinct types of
entities—such as fungi and trees, which will be discussed later. A common example of a bipartite network is a
plant-pollinator system.

We begin by presenting the Stochastic Block Model (SBM) for unipartite networks, along with the Variational
Expectation-Maximization (VEM) algorithm used to estimate its parameters and a criterion for selecting the
number of blocks. The extension of this model to bipartite networks is discussed at the end of the section
(Section technical details for this case are provided in the Appendix

5.2.1 Network data and question

The study of inter-species relations within an ecosystem has been an important theme in ecology since the
publication of Charles Elton’s seminal work on food chains [Elton| [1927]. Relationships between species can be
represented as a network of interactions, with nodes taking the place of biological entities (generally species)
of interest and edges (or links) representing the interactions in question. The analysis of ecological networks
is the focus of much recent ecological literature and has enjoyed an upsurge in interest in the last 20 years,
notably through the work of Dunne et al.| [2002]. Networks of interactions may be studied at microscopic level
(e.g. microbial network) or at higher levels (e.g. plant-pollinator relationships). They may represent a wide
variety of interaction types, such as mutualism, competition or predation. The main ecological assumption is
that all species do not play the same role in the network and analyzing the structure of a network may be crucial
for understanding the organization of an ecosystem, notably via the extraction of its organizational structure
in summary form. Two types of approach may be used in this context. The first family of approaches are
descriptive, based on different metrics used to characterize properties at node level or across the whole network.
The second family consists of detecting clusters of species with similar interaction properties in an agnostic
approach, in that it does not aim to highlight a particular structure, but rather to cluster nodes which behave in
the same way in the network. Many probabilistic models have been proposed to model the heterogeneity of
connexions in a network. In this book, we intentionnally focus on the Stochastic Block Model (SBM). Let’s
consider this example from [Vacher et al.| [2008].

s 2
Dataset 5.1. (Host-host network) The presence of 157 parasitic fungal species was collected on 51 tree
taxa, based on a long-term (1972-2005) survey of forest health at the regional scale. In a first approach we
can build the unipartite tree-tree network by counting for any pair of trees (i,j) the number of fungus species
they share. In that case, the network is said to be weighted since the number of shared species represents
a strength of interactions. Let y;; denote the number of shared species between trees i and j. The matriz
Y = {Yij }1<i,j<n 1 Teferred as the adjacency matriz.

From network to adjacency matrix Network data can be encoded in various format. Either it is provided
as a pair of edges ((1,2) - (1,3)...) with possibly weights on each edge if the relation corresponds to a count.
If the network involves a small number of nodes, one can encode the network in a matrix as described before.
Figure [5.1]is a graphical representation of the weighted tree-tree network and its adjacency matrix from [Vacher
et al.|[2008]. Our goal is then to perform clustering of trees, such that trees in the same clusters play the same
role in the network.

5.2.2 The stochastic block model (SBM)

Let us consider a unipartite network of n nodes encoded in its adjacency matrix. For any pair of nodes (4,7), let

yi; * 0 ifiand j are interaction
yi; = 0 if 7 and j are not in interaction.

The stochastic block model (SBM) is a probabilistic model aiming at clustering nodes with respect to their
behavior in the network. Introduced in the field of sociology by |Snijders and Nowicki| [1997], this model assumes
that nodes are divided into latent blocks (groups, clusters, etc.) containing entities with similar connection
profiles. SBM has been shown effective for identifying clusters of nodes or blocks which play the same role in
a network, irrespective of the type of structure in question. In the spirit of mixture models (Model for
instance), blocks are introduced as latent variables in both models.

Model 5.1. (SBM) Let (Yi;)i j=1,...n be the adacency of a non-oriented network involving n nodes. In the
SBM, the nodes are assumed to be divided into K latent groups (blocks). Let Z; be the categorical random
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variable encoding this clustering:

Z; ™ Cat (w) (5.7)
where w = (w1, ..,wk) € [0,1]%, Zi(:l wg = 1. Then, conditionally to the latent variables Z, the nodes are
connected independently:

Yy [{Zi=k,Z; =0} M Flare) V(i) |i<i (5.8)

e If the network represents binary interactions then F(aye) is the Bernoulli distribution:
Yii | {Zi =k, Z; = £} " Bern( o).

e In case where the network is weighted, F(axe) must be adapted. For instance, in case where the
strengh is a count, one can chose the Poisson

Yij |{Z:i=k,2Z; = ¢} igdp(oéke)

or the Negative Binomial distribution [Mariadassou et al.l |2010].

Note that is general, the self-interactions are not considered so the (Yj;);21,. .. are not modelized.

Remark (Oriented networks). As stated earlier, we develop the calculus only for non-oriented networks,
meaning that y;; = y;; for any pair of nodes. As a result, only the entries Yi; for j <i need to be modeled (see
Equation ), and the parameters aye must satisfy the symmetry condition age = agr. This type of network is
well-suited for representing symmetric relationships, such as co-occurrence. In contrast, for oriented relationship
such as predation, symmetry does not hold (y;; # y;;), and the entire matriz (excluding the diagonal) must be
modeled.

DAG of the SBM For non oriented networks, the DAG is represented in Figure [5.2

Parameters The parameters of the model are

Olat = w = {wi tr=1,.. xk and Oops = {Qkerse: ko=1,... K,

where w denotes the vector of block proportions, and the ag,’s are the connection parameters. The oy represent
intra-block connection parameters, while the ayy for k + ¢ correspond to inter-block connections. For non-oriented
networks, ayp =@y, which does not hold in the case of oriented networks.

Inclusion of covariates Note that, in some cases; network data is supplemented with covariates defined on
pairs of nodes. For example, in the tree-tree dataset each pair of trees is associated with three types of
distances: geographic, genetic, and taxonomic. Let us denote by x;; € R? the vector of covariates associated
with the pair (7, 7). In such cases, one may consider using these covariates to explain the connection mechanism
between nodes. A possible model specification is the following;:

E[Yi | Zi=k,Z; =] = g (o + 2], 8) (5.9)

where :czj is the transposed vector of x;;, g is the link function and B is the vector of parameters related to the
covariates. Note that when the model includes a single block (K = 1), it reduces to a generalized linear model. If
the covariates do not fully account for the heterogeneity in y, then using multiple blocks (K > 1) allows the
model to capture some of the remaining structured variability that is not explained by the covariates.
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5.2.3 Marginal and complete likelihoods for the SBM

Complete log-likelihood Denoting y = {y;; }1<j<i<n the observations, Z = {Z;}1<i<n the whole set of latent
variables, the complete likelihood of Model [5.1] is

logpe(y, Z) =logpe(Z) +logpe(y | Z)

n K n K
= Z Z Zik logwk + Z Z Ziijg log f(yij; Otkg) (510)
i=1 k=1 i=1,j=1k, (=1
i>j
n K 1 n K
=33 Zilogwp+ = Y. > ZiZjelog f(yij; o) (5.11)
i=1 k=1 i=1,j=1k,l=1
i#]

where Z;;, is the usual notation defined in Equation (2.5), and f(y;a) is the density of F(c). The 1 is there for
non oriented network and takes into account the symmetry in y for non-oriented networks. It would disappear
for an oriented network.

Log-likelihood The marginal (observed) log-likelihood expression can be written directly by integration over
the complete log-likelihood, resulting to:

logpe(y) = >, logpe(y,z) (5.12)
ze{l,...,K}™

which can be burdensome as soon as n and K increase. Indeed the number of terms in the sum becomes very
large. Therefore, direct maximisation is impossible, and one wants to adopt the EM algorithm approach. It is
worth noting (as in previous models), that the EM algorithm is also attractive as it would provide the distribution
of the latent variables given the observations, d.e. of the clusters of the nodes which can be of great interest from
the application point of view.

In order to apply to EM algorithm, one has to take the expectation of Equation (5.11)), and then should be
able to compute the two expectations:

Eo[Zin | Y =yl =Po(Zi = k| Y =), l<i<n, 1<k<K
Eg[Zq;ijg|Y=y]ZPQ(ZiZk,Zj=€|Y:y) 1<j<i<n, 1<k l<K.

However, a quick look at the DAG of the SBM model (Figure shows that once conditioned by the
observations y, the latent variables are not independent anymore and form a clique. So, these two quantities can
only be computed by integration of the whole distribution pg(Z | Y = y) which is computationally too heavy to
be done at each step E of the EM. In order to tackle this issue, a solution is to resort to a variational version of
the EM algorithm presented in Section [5.1}

5.2.4 VEM algorithm for the SBM

Having a look at the graphical model on Figure [5.2] the necessity of approximating the posterior comes from the
fact the latent variables are all dependant conditionally on the observations. Consequently, in order to decrease
the complexity, we assume that q € Q.et Where Qr.oy was defined by Equation , i.e. it is the a product of n
independent categorical distributions:

K
0(Z) =[Ta(Z) =TT T 2" (5.13)
where Tik = ]P)q(Zl = k) = Eq[Zik]

VE step for the SBM The choice, for Model of the variational family given by Equation (5.13)) leads to

an operational VEM algorithm, as stated in the following proposition.

s a
Proposition 5.3. In the SBM, with the approzimate conditional distribution q chosen in Qgact, the solution
of the VE step satisfies the fized-point relation

n K

Tik o< wi | [ [T (wigs awe) ™, (5.14)
sl
J#:'L
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t where T, = Eq[Zs1]. J

Proof of Proposition

From Section we know that the VE step consists in maximizing the evidence lower bound which is
equal to:

ELBO(q,0,y) = E,[logpe(y,Z)]+Ent[q(Z)].
n K
= Y > Eo[Zix 10gwk+* Z Z Eq[ZirZje]log f(yij; are) + Enty[Z].
=1 ko1 i1 kodel
3

Using the expression of ¢ in Equation (5 , we have q¢(Z) =1, Hk 1 TZ “* which implies

Ent[q¢(Z)] = Z Ent[¢;(Z;)] = Z Z Tik 10g Tik -
i=1 k=1
Moreover, by independence, for any i > 7,

Eq[ZixZje] = Bq[ Zik 1B [ Zje] = TinTje

which leads to

n K 1 2 K n K
ELBO(q,0,y) = Z Z Tik log wy, + 5. Z Z TieTjelog f(yij; age) — Z Z Tik 10g Tig (5.15)
i=1 k=1 i,5=1k,0=1 i=1 k=1
i%j

We then have to maximize the lower bound with respect to the 7;;’s, subject to the constraint Z,If:l ik =1
for all i € {1,...,n}. The derivative with respect to 7; is zero if and only if

n K

logwy + Y. > Tjelog f(yij; ane) —logTig —1-X; =0,
j=1e=1
i

where )\; is the Lagrange multiplier for the constraint Zszl Tt = 1, which proves the proposition.

“Note that in Equation (5.15)), each term 7,5 appears in the sums in ¢ and j and y;; = y;; so the 1/2 disappears.

Remark. In the SBM, denoting Z.; ={Z;,j # i}, we have

Po(Zi=k,Y =y|Z.;) p(y|Z =k)Pq(Z; = k)

p(y|Z\2) p(y|Z\Z)
n K
oc wi [T T (wijs ome) ¢

j=10=1
G#i

PQ(ZZ =k | Y=y,Z\i) =

Indeed, Z; impacts the distributions of all the interactions between i and any other node j # i. Comparing
this equation with Equation , the mean-field approximation can be viewed as a simple plug-in of the
(approzimate) mean Tj; =E4[Z;,] in place of Zj;. This justifies the mean field denomination: when considering
one indwidual, the other elements of the field (i.e. the other individuals) are set to their respective means.

M step for the SBM

Proposition 5.4. In the SBM with approzimate conditional distribution q chosen in Qgacr and such that
the emission distribution belongs to the exponential family:

f(y;a) = expla’t(y) - a(y) - b(a)]
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where S(y) is the vector of the sufficient statistics, the solution of the M step of the VEM is:

T = % (5.16)
” 21 Ty T‘;S i
Vh(@) = Zz#]—l kTje (?JJ) (5.17)

n
Ziijzl TikTje

In particular, if the emission distribution is Bern(axe) for binary interactions or P(age) for weighted

interactions then "
Yizj=1 TikTjeYij

n
Zi;&jzl TikTje

Oke =

Proof of Proposition [5.4

The proof relies on the resolution of the following equation to (6, A\) where A is the Lagrange multiplier
for the constraint i, wy = 1:
WE — 1)] =0.

n K 1 2 K
Vor| D D mklogwe += > . Tiijllogf(yij§ak£)+/\(
i=1 k=1 2 it ke

s

If considering wy, we obtain:
n
Zizl Tik

n

WE =

Then, assuming that the emission distribution belongs to the exponential family, we get:

Zn: TikTje [S(yij) — Vb(ar)] = 0

i,j=1
i%j
and Equation (5.17) follows. Using the results given in the Appendix section the Bernoulli distribution
can be put in the exponential formulation as follows :

P
1-p

log f(y,p) = ylog(p) + (1 - y)log(1 - p) = ylog +log(1-p).

Then, by identification, t(y) =y, a = log 1% and p= < and b(a) = —log(1 -p) =log(1 +e®). Finally :

1+e2

ea

b (o) = =p.
(a) 1+e* 2

Applying the general formula (5.17) leads to the final formula of Proposition

Remark. If we include covariates in the model (Model (5.9)), then log f(yi;; cue) must be adapted. For a
Poisson SBM model with covariates, it is:
log f (yij; are) = —exp{are + 2B} + yij(are + 2;8) —log(yij!)- (5.18)

In that case, the M step is not explicit any more and one must resort to a numerical optimization.

Theoretical guarantees As mentioned in Section variational estimates are often lacking of theoretical
guarantees. The Bernoulli SBM Model is one example where such guatanties do exist. A series of results
obtained by [Celisse et al.| [2012], Bickel et al.| [2013] or [Mariadassou and Matias| [2015], proved their consistency
and their asumtotic normality.

5.2.5 Choosing the number of blocks

In the case of the SBM the number of locks K has to be selected where K € {1,..., Kpnax} with Kpax
the maximum number of blocks considered. The main issue here is that the marginal distribution of each
Y= {yij}?'*j:l cannot be evaluated, and even if it could, the edges are dependent on one another. As a result,
deriving the BIC criterion is not straightforward.
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Dimension of the model Going back the Bayesian framework from Model we may adopt the ICL point
of view from Biernacki et al.|[2000] and consider the Laplace approximation of the integral

[ pw.z0.8)a0= [ ply.| 2,0, K)p(=] 6. 50p(60 | K) ab.

Reminding that the parameter set of Model is 0 = (w, ) and assuming that w and « are independent
conditional on K, i.e.:
p(w, | K) = p(w | K)p(a| K),

we may prove (see Appendix for the binary or Poisson SBM) that

log ([ p(y.2,6.K) d6) = log g, (y.2) - pen(K) + 0, (1) (519)
where
pen(K) = % (K(K2+ D) log(n(n2_ 1)) +(K - 1)1ogn) . (5.20)

Observe that the penalty pen(K') is composed of two terms. The first one results from the integration with
respect to a, which involves K (K + 1)/2 independent parameters and rules the conditional distribution of the
n(n—1)/2 edges Y;j. The second one results from the integration with respect to w, which involves (K =1)
independent parameters and rules the conditional distribution of the n latent variables Z;.

Remark. The penalty of Equation (5.20) is adapted to non oriented networks: In case of an oriented network,
it becomes:

pen(K) = (K2 log (n2 -n)+ (K -1)logn).

N | =

Expressions of the ICL’s The ICL criterion relies on the dominant term of Equation (5.19)), where the
complete log-likelihood logpg(y, z) has a close form given in Equations (5.10) and (5.11)). Still, because the
latent variable Z is not observed, we need to resort to the variational approximation either to approximate

its conditional mode (for ICLy 1), or to integrate with respect to its approximate conditional distribution (for
ICLV’Q)Z

[CLy,1(K) =logpg, (y, 2v) — pen(K)
ICLy 2(K) = E; [logp?;K (v, z)] - pen(K)
= ELBO(§, s, y) + Ent4[ Z] - pen(K)

where:
n n K
Entq[Z] = Z Entqi [ZL] = - Z Z Tik logﬁk
i=1 i=1k=1
and
zZv=(%v,..+,2v;) with 2y, =argmaxq;(z), 1<i<n.

The inference of the SBM (i.e. parameter estimation, clustering for a fixed number of blocks and selection of
a number of blocks using the ICL criterion) is implemented in R using on the R package blockmodels |Léger,
2016] (part of the collection of package sbm). This algorithm implements a forward backward research of the
number of blocks.

5.2.6 Analysis of the tree-tree parasite network with SBM

Poisson SBM  We analyse the tree-tree dataset with the SBM model. Remind that this network is a weighted
symmetric network where y;; is the number of shared parasite fungi. We model it with the Poisson-SBM model:

Yii | {Zi =k, Z; = 0} "™ Plage) .

We performed the inference with the sbm R package. In Figure we plot the ICL as a function of K. The
criterion is maximal for K =6 blocks. For K =6, we plot the reordered adjacency matrix where the tree species
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are gathered by Z; (left panel of Figure . The right panel of Figure displays the expected number of
shared parasites for any pairs of trees, where the trees have been reordered so that the blocks stand together:

K
E[Yi;]1= Y. TorTjetne
K f=1

Theses matrices following the clusters highlight a structure in the number of shared parasites. As an example,
block 1 gathers the trees that share together a high number of fungi while block 6 is composed of trees that do
not share any fungi with other trees. Block 1 share fungi with block 3 while block 2 share its parasites with
block 1 but not block 3.

Distance covariates As said before, this dataset also provides three distances calculated for each pair of trees
(7,7), namely the genetic (gen;;), taxonomic (taxo;;) and geographic (geo,;) distances.All of them have been
standardized. We set the following model:

Yij [{Zi =k, Zj = £} ~ P(aijre)
Qijke = explage + B1 - geny; + B2 - taxo;; + B3 - geo,; |
Zi ~Cat(7717...,7rK).

Note that when the model includes a single block (K = 1),/it reduces to a generalized linear model. If the
covariates do not fully account for the heterogeneity in y, then using multiple blocks (K > 1) allows the model
to capture some of the remaining structured variability that is not explained by the covariates. We infer the
parameters with the same R package. When considering covariates as explanatory variables, the blocks account
for the residual variability. As a result, their interpretation becomes more challenging, and their signification
cannot be visualized simply by reordering the nodes according to the blocks. Another approach is to fit the
Poisson SBM and then use the covariates to explain the resulting blocks.

gen  taxo geo
B B2 B3
0.20 -2.06 -0.36

The taxonomic distance has the strongest effect: two species with a small taxonomic distance share a high
number of fungi. E]
5.2.7 Extension to bipartite networks

Bipartite networks are particularly valuable in ecology because they provide a natural framework for representing
interactions between two distinct groups of organisms, such as plants and their pollinators, or trees and fungi.

Dataset 5.2. (Tree-fungi network) We consider again the data of E:rample This time, we consider
the data a bipartite network, showed in Figure|5.0, where an edge links a fungus i to a tree j if this fungus
was observed on this tree. The size of each node is proportional to its number of connections. The same
information can be encoded in the bi-adjacency matriz represented in Figure[5.5: the trees are in row and
the fungi are in columns. y;; = 1 if fungus species j has been observed of tree species .

Our objective is to make clusters of both trees and fungi based on their interactions between each other.

A stochastic block model for bipartite networks The SBM was extented to bipartite networks by
introucing a bi-clustering of the row nodes and the column nodes. The resulting model is the Latent block model
(or biSBM, as bipartite SBM, [Larremore et al.| [2014) and was introduced by |Govaert and Nadif| [2003].

Model 5.2. (LBM) Let (Yij)i-1,..n,j=1,...p be the incidence matriz of a bipartite network involving n
nodes of type 1 (fungi in E:z:ample and p nodes of type 2 (trees in Example ,

In the LBM, the nodes of type 1 (respectively of type 2) are assumed to be divided into K (respectively L)
latent groups (blocks) . Let Z; be the categorical random variable encoding this clustering of the nodes of

5Note that one can also perform covariate selection using the ICL criterion in order to choose the most appropriate subset of
covariates.
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type 1 and W; for type 2 :
, @ 1) =
Z; - Cat(w®) Vi=1,...,n -
w; % Cat(w®) vji=1,...,p
where
1 1 &
w® = WM wlP) 0,11, Sw =1
k=1
2 2 L@
w® = (WP Ww®yel0,1]F, Sw? =1,
=1
Then, conditionally to the latent variables Z and W, the nodes are connected independently:
\ Yii | {Zi = k, W, = £} "% F(cuge) V(i,5) € {1,...,n} x {1,...,p} (5:22) |

Remark. As for the SBM model, the emission distribution F(aye) should be chosen in order to be adapted to
the types of interactions (binary or weighted).

Statistical inference The parameters of the model are 6 = ((.;:(1),@;»(2)7 (ko) ke=1,... K ), w® being the vector
of the row block proportions while w(® is the vector of the eolumn block proportions. The ay, are the inter
block connection parameters. We do not talk about intra-block connection parameters proportions since the row
and column blocks are defined on different types of nodes (plants/pollinators for instance, or trees/fungi).

The parameters are estimated by the VEM algorithm. The numbers of row and column blocks K, L are
selected using the ICLy criterion. In this case the penalty term is:

pen(K,L) = % {KLlog(np)+ (K -1)logn+ (L-1)logp} .

The technical details are provided in the Appendix section

Analysis of the tree-fungi dataset Fitting this model on the data with the sbm-package, we obtain K = 4
and T = 4. The same bi adjacency matrix reordered per blocks is represented in Figure We observe an
interesting chequerboard pattern. The first block of trees is parasitized by the first three blocks of fungi while
the second block is parasitized by blocks 2 and 4 and not at all by block 3. The third block of trees has the same
pattern as block 1 but with a lower intensity (less fungi species). The last block of trees has very few fungi.

5.2.8 Conclusion on SBM

In conclusion, Stochastic Block Models (SBMs) offer a versatile and powerful framework for modeling complex
networks.- Their hierarchical formulation allows for extensive flexibility and adaptability, enabling a wide range
of model extensions to suit specific structural assumptions or data characteristics. However, this flexibility comes
at the cost of increased inference complexity, primarily due to the intricate dependencies among latent variables.
In this case, we have to resort to the variational version of the EM algorithm.
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Figure 5.2: Graphical representation of the SBM defined in Equations (5.7) and (5.8).
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Figure 5.3: Tree-tree network. ICL as a function of K.
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Figure 5.4: Tree-tree network. Left: reordered adjacency matrix where the trees have been gathered by blocks.
Right: expected number of shared fungi Z,ﬁf ¢=1 TikTjeQre Where the trees have been gathered by blocks.
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Figure 5.5: Bipartite tree-fungi networks [Vacher et al. [2008]. An edge links i to j if fungus j is observed on tree
i. The size of each node is proportional to its number of connections.
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5.3 Joint species distribution models

5.3.1 Data and question

Joint species distribution models (JSDMs) have the same aim as species distribution models (SDM) already
introduced in Section but consider several species at once. The data from Example are actually part of a
larger study where few tens of fish species were studied.

Dataset 5.3 (Fish species in the Barents sea). |Fossheim et al. [2006] measured the abundance of p = 30
fish species in n =89 stations of the Barents. The capture protocol was the same for all species and stations
and 4 descriptors (latitude, longitude, depth and temperature of the water) were recorded in each stations
(the data are available from the PLNmodels R package [Chiquet et al.), |2021)).

The objective of statistical modelling here is to infer the effect of environment on the abundance of species, but
also to detect potential ’interactionsﬂ that may exist between the species. Many model for modelling joint species
distributions have been proposed in the literature, adapted to different kind of observations (presence/absence
and abundance data |[Harris, 2015} |Ovaskainen et al., |2017] or focusing on abundance data [Popovic et al., 2018
2019]) Most of them rely, in one way or another, on a latent layer to account for species interactions. The
interested reader might read |Ovaskainen and Abrego| [2020] for a general introduction written for ecologists.

5.3.2 The PLN model

We present here the multivariate Poisson log-normal model, first proposed by |Aitchison and Ho| [1989], which
can be seen as a multivariate mixed Poisson regression model. The data set is typically organized as follows:
consider n independent sites (1 <4 <n) and p species (1 < j < p). The environmental descriptors of each sites i
are gathered in a d-dimensional vector x; and the abundance Y;; is the number of individuals from species j
captured in station 7. The environmental descriptors are gathered into a n x d matrix X (matrix of covariates).
The p-dimensional vector Y; = [V ... Yip]T is the abundance vector in site ¢; all abundances are gathered into a
n x p matrix Y (the abundance matrix).

The Poisson log-normal (PLN) model poses that

e a p-dimensional latent random Gaussian vector Z; with distribution N (0,,X) is drawn independently for
each site 1 <7 < n;

e the observed abundance Y;; is drawn independently from all others, conditionally on the Z;’s, with
distribution P(exp(x] 5 + Zij)).

Model 5.3 (Poisson log-normal model).

Zi iide(OP7E)7
ind
Yij 1{Zi; = 215} "~ P(exp(x] B; + 25)).

The d-dimensional vector of regression coeflicients 8; contains the specific effects of of the d descriptors on
species j. Theses effects are sometimes named abiotic. The vectors 3; can be gathered into the d x p matrix
B =[p1...0p]. The p x p variance matrix 3 encodes the interactions between the p species: these effects are
sometimes named biotic. The parameters of Model are hence

0=(B,3).

As already seen for the zero-inflated Poisson (ZIP) (Model , when the experimental protocol varies from
one species to another or from one site to another, this heterogeneity can be accounted for by adding an offset
term o;; in the conditional distribution of the corresponding abundance: Y;; ~ P(exp(o;; + z] 5 + Zi;)). For the
sake of clarity, and because it is not required to deal with Example we drop this term is the sequel of this
section.

The distribution of Y;,1 < < n, the i-th row of Y, is called the Poisson log-normal distribution.

5The use of the word interaction is very debated in ecology. We use it in a broad sense, to be precised by the model itself.
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PLNmodels

e N
Definition 5.1 (Multivariate Poisson log-normal distribution). Let Y = [Y]]i<j<p be a random vector from
NP, p=[p;li<j<p a vector from RP and X = [0, ]1<j k<p @ Teal positive definite p x p matriz. Y is said to
have a multivariate Poisson log-normal distribution with mean vector p and variance matrix 3:, denoted

Y ~PLN (1, 2)
if, for all integer-valued vector y from NP,

PY=y)=P(Yi=u1,...Yp=yp)

~ [ [ ot op,z)nexp( eumj)(u]

+zJ)UJ

dz,

where z — ¢(2;0,,%) stands for the density of the multivariate normal distribution with zero mean and
covariance matriz X.

Proposition 5.5 (Moments of the PLN distribution). If Y = [Y;]i<j<p ~ PLN (1, X), we have that

E[Y;] = eMit7iil2
V[Y;] = E[Y;] + E[Y;]’ x (7 - 1)

Cov (Y;,Yy) =E[Y;] xE[Y;] x (e =1), fork=+j.
N J

The proof of Proposition is not given here: it only relies on classical (but tedious) integrations with
respect to the multivariate Gaussian density. ‘This proposition has several interesting consequences.

1. The mean of each coordinate Y; does not only depend on the corresponding mean parameter p;, but also
on the corresponding variance ;.

2. Because the variance of each coordinate of Y exceeds its mean (V[Y;] > E[Y]]), the PLN distribution is
over-dispersed as compared to the Poisson distribution. This property is desirable as, in ecology, counts
and abundances are often observed to be more dispersed than predicted by a simple Poisson model.

3. The covariance Cov (Y}, Y}) has the same sign as the corresponding entry o, of the covariance matrix
¥ (and is zero when o, is zero). This makes the interpretation of ¥ easier, as it encodes the nature of
the correlation (negative, positive or null) that exists between the coordinates of the vector Y (i.e. the
columns of Y').

Alernative formulation of Model Based on Definition Model is equivalent to
Vi<i<n, Y; X PLN (1Y), where y; =z B. (5.23)

The PLN model therefore states that the abundance vector Y; are independent, with site specific mean vectors
1; but common variance matrix Y. Hence, this model assumes that the influence of the environment on each
species (encoded in the term x] ;) is site-specific, whereas the biotic interactions (encoded in X)) are the same in
all sites.

Graphical model. Although the purpose of the PLN model is very different from those of mixture models
described in Section the graphical model of Model is the same as this given in Figure one
single (multivariate) latent variable Z; controls the distribution of each observed (multivariate) response Y;.
An important consequence is that the moments of the vector Z; conditionally on Y are the same as these
conditionally on Y;: for any function f, E[f(Z;) | Y] =E[f(Z;)|Y:].

5.3.3 Log-likelihoods

Marginal log-likelihood The combination of Equation (5.23) and Definition yields the observed log-
likelihood logpg(Y'), where y denotes the observed abundance matrix:

(e“””” )yu
log pa(y Zlog / zz,Op,E)HeXp( etiitFiiy 2 dz .

7=1 yU!
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Clearly, log pg(y) does not have a closed-form expression, and its evaluation involves a multivariate integral
over a potentially p-dimensional space, which can quickly become computationally infeasible.

Complete log-likelihood As with many of the models encountered thus far, the complete log-likelihood
logpe (Y, Z) is more tractable, as it does not involve any integration:

logpe(Y,Z) =logpe(Z) +1logpe(Y | Z)

__n IR YPAT: She (T3, ) i BitZi
== Slog|Sl - 5 Y Zil5 + 3 3 (Vi (@185 + Zig) —e )
2 21‘:1 i=1j=1

np n p
y log(2m) = > > log(Y3;!) ..
i=1j=1

Observe that the last two terms are constant with respect to the parameter 6 = (B, X).

5.3.4 Variational EM algorithm
5.3.4.1 Objective function

Using the independence between the sites (or, which is equivalent, the graphical model from Figure , we see
that for an current guess #") the conditional expectation Egu[logps(y, Z) | Y =u] is

1 n
Q8 16™) =cst - %10g|E| -3 > Egon [ Zil31 1Yi]
=1

M=

+

3

P T
Y- (Yis (218; +Boun[Zi | Vi) - €™ P Bgun [€%9 | ;1)
1j=1

To derive an EM algorithm, as defined in Section [2.2] we are therefore left with evaluating the conditional
moments:

Bow[Zig|Yi],  Eow|lZil3.dY:],  Eoum[e™

Y;].
Let us now examine the distribution of Z; | ¥;. Using Bayes’ formula, we can easily see thatﬂ for every z; e RP:

p

1 LA
Pl Yi= 9) = 5 xexp (|| AR W zm) , (5.24)

i <

J=1 j=1

where:
2 P s P
Cim [ exp( —lulfa= Y0 4 3 i G +u5) | du.
RP £ -
j=1 J=1
This form does not belong to any known family of distributions, and as a result, none of the expectations above
can be computed, even when #(") is known. Hence, the PLN model provides another example of a case where a
regular EM algorithm cannot be defined due to the intractability of the conditional distribution pg(z|Y =y).
As before, we address this issue by defining a variational version of the EM algorithm, in which the conditional
distribution is approximated.

5.3.4.2 Variational family

Since the sites are independent under Model we only need to consider the conditional distribution of
each latent vector Z; given the corresponding count vector Y;. However, because the conditional distribution
po(Z; | Y:) given in Equation is intractable, we resort to variational inference. To this end, we must choose
an appropriate approximation class Q. Given that the Z; are random vectors in RP and that py(Z; | Y;) has a
unique mode; a natural choice for Q is the set of multivariate Gaussian distributions, that is,

OpLN = {q g = @%q@' :Np(miusi)}’

The mean vectors m; = [m;;]1<j<p and the p x p variance matrices S; are the variational parameters of the
approximation. We gather them into M =[my ... m,]" and S = (S;)1<i<n, respectively.

7All constants (i.e., quantities that do not depend on z;) from both the Gaussian and Poisson log-normal distributions are
absorbed into the constant C;
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Remark. The product over the sites in the definition of Qprn results from the PLN Model[5.3 itself, so no
approximation lies there. The approximation comes from the fact that the conditional distribution of each Z;
given Y; is actually not Gaussian (see Equation (5.24)) ).

Lower bound of the log-likelihood. If g€ Qprn, we know from Proposition (Appendix |A.1.2)) that
n 1 n
Ent,[Z] =) Ent,[Z;] = %(1 +log(2m)) + 3 > log Sy .
i=1 i=1

and from Proposition [5.5] that

E,llogpo(y, 2)] = -2 log [ - 1 3" (Imil + tr(5715)))
=1
n p
+ 20> (i (2785 + mij) = Aij) = 10g(27r) Z Z log(yi;!),
i=1j=1 i=17j=1

where we defined
Aij = exp(,uij + msj + Sij/2) y
with s;; the jth diagonal element of S;. Observe that, according to Proposition A;j is the variational
approximation of the expected count Y;;, that is

Aij = Eq, [V

The combination of the two preceding equations yields the ELBO(q, 6,y) which will serve as the basis for
variational inference in the PLN model:

1& 2 _

og Xl - 5 3 (Imil s + tr(S718y)

i=1

1 n
(yz] (x B; +mu) ij)+§;10g|5i|

ELBO(q,0,y) = -

+
M= »I=
0=

=
I

[
[
I

Juy

|
M=
M*@

log(:;!) +

N
Il

—
<.
Il

—

where, once again, the last two terms depend neither on g nor on 6. It is useful to note that, up to an additive
constant, this function can be expressed as a sum of the n functions: V 1<7<n,

1 1 _ p P 12
E(qi,ﬁ,yi) = —510g|2| - 5 (Hmzﬂé,l + tI‘(E 1SZ)) + Z y;l' (,UJ’L + ml) - Z A” + 5 ZlOg|SIL‘ s
j=1 j=1 i=1

where the dependence in ¢; is seen inthe terms m; and S; (as ¢; belongs to the parametric Gaussian family),
and we denoted p; = Bx;. We therefore have:

ELBO(,60,y) = > £(q:,0,y) + cst. (5.25)
=1

5.3.4.3 Variational E step for the PLN model

The VE step consists of maximizing (5.25) with respect to the variational distribution ¢;, i.e. with respect to
the parameters (mq.,,S1:,). Thanks to the additive decomposition of the objective, we can therefore update
each component by setting:

(m{"1, 5" ) = argmax £(g;, 6", y,)

mi,Si
We have that:
vWi‘C(qia a(h)7yi) = _E_l’(h)mi _ A»Eh)’
1 1
VSLE(Qz’G(h)JJz) = _52_1’(h) — diag(Afh)) + 55«1—17

where we used useful results on derivatives of matrices (see Petersen and Pedersen| [2008]), and diag(v) denotes
the diagonal matrix with diagonal entries given by the vector v. The reader should keep in mind that Agh)
depends non-linearly on m; and the diagonal elements of .S;. Therefore, setting these derivatives to zero is not
trivial. However, this can be achieved via gradient ascent, and since the Kullback-Leibler divergence is convex in
(my,S;) [see|Chiquet et all 2018, Lemmas 1 and 2], the unique global solution (77;,3;) will be attained, which

completes the VE step.

127



5.3.4.4 M step for the PLN model

We now derive the update formulas for the model parameter 6 = (B, ), which maximize the ELBO given in
Equation , using the current variational distribution ¢(**?). For this purpose, it is convenient to consider
the gradient of the ELBO with respect to the inverse of X, denoted by 2, commonly referred to as the precision
matrix. We have:

9aELBO(q,0,y) = (nX - M™M - S*) /2,

where S* =¥, S;. The update formula for ¥ is obtained by setting this gradient to zero for the current values
of M and S, that is

1
E(}Hl) - (R+1)\T s (h+1) S(h+1) +
— (D) D (5D

which is positive definite because the Si(hH) are all positive definite.

The update of B has no close form, but one may observe that, for each 1 < j <p, we have

argmax ELBO(¢,6,Y") = argmax (Yl-j(xiTﬂj +myy) — e Bitmiiteis/2 _ 1og(Yij!))

! Bi =1
= argﬁmax Z (Yw(x;rﬂj +0i5) — o®iBitoi _ log(Yij!))
j =1

with o0;; = m;; + s;;/2. We may then recognize the last expression as the log-likelihood of a Poisson regression
model for the counts Y;; with covariates x; and offset terms 0;;, as seen in Section [3.2) Equation (3.13). Again,
thanks to the general properties of generalized linear models (see Proposition @FAlppendix We know
that this log-likelihood is concave so any standard optimization procedure or-dedicated function can be used to
update each vector of regression coefficients /3; as

B;hﬂ) = argmax ELBO(q(h+1), 0,Y).
Bj
As recalled in Section the VEM algorithm provides estimates of both the regression coefficient matrix B
and the covariance matrix X, but the (asymptotic) variances of these estimates remain unknown. To estimate the
variance of each parameter estimator, we could resort to the jackknife procedure |Efron and Stein) [1981], which
also allows deriving pseudo-test statistics to assess the effects of each environmental covariate on each species.
Note that this approach is computationally demanding, as'the VEM algorithm must be run multiple times.

5.3.4.5 Covariates selection for the PLN model

In this context, model selection consists of choosing among the available covariates. The models to be compared
thus correspond to the collection of all subsets of these covariates, so that #(M) = 2%, Since the sites are
assumed independent under any model m € M, the joint distribution of the species counts Y; = (Y;1,...,Y5,)
is given by Equation . From this, we can apply the variational model selection criterion introduced in
Section by deriving the corresponding quantities.

First, the number of free parameters in the model is given by:
p(p+1)
2 )
where d,,, stands for the number of covariates involved in model m, so pd,, is the number of regression parameters

in B and p(p +1)/2 is the number of independent covariance parameters in X. Therefore, the penalty for both
BICy and ICLy is given hy:

Dm :pdm+

lo
pen(m) = Dy, x g2(n) .
Now, the variational family was chosen such that the final variational posterior is given by a product of normal

probability density functions:

n
Q(Z) = TIN (M4, 55)
i
where m; and S; are the final variational parameters. From this, we can easily compute:

e the variational maximum a posteriori 2y which is simply = (1, ...,My);

e the entropy of ¢(Z), which is, by property of Gaussian distributions (and independance of sites):

Ent4[Z] = % i (detg’i +p(1+ 1og(27r))) .

i=1

Plugging these in the formulas of Section [5.1.5 one can compute the three proposed model selection criteria.
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5.3.5 Analyzing the fish abundances in the Barents sea with PLN

We now return to the fish abundance data described in Example [5.3] The objective is to study both the effects
of the four environmental covariates (latitude, longitude, depth, and temperature) on the p = 30 fish species, and
the dependency structure between the species after accounting for environmental factors.

Effects of the environmental covariates. We first consider the full model, including the four covariates
plus an intercept. For ease of interpretation, the four covariates were standardized to have zero mean and unit
standard deviation. This transformation allows the regression coefficients 3¢; to be comparable across covariates
as well as across species. The left panel of Figure shows that longitude has the least pronounced effect on
species abundances, whereas latitude and temperature may have a dramatic impact on the population size of
some species.
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Figure 5.8: Barents fish species (Example . Left: Estimated regression coeflicient ,@j the four covariates
(columns) on the 30 species (rows). Green: positive effect, Red: negative. Right: ELBO and variational BIC for
the 16 models. The models are numbered by their ELBO wvalues, the dot shapes give the number of covariates.
The vertical line gives the best model according to variational BIC.

Selecting a subset of covariates To further investigate the main environmental drivers of fish species
assemblages in the Barents Sea, we compare the 2% = 16 possible models corresponding to all combinations of
the four covariates (ranging from none to all included). An intercept is retained in all models to account for
the heterogeneity in the mean abundance of the species. The right panel of Figure displays the optimized
ELBO and the BICy for each model (defined in Section , while Table presents detailed results for the
top three models, as well as the null ' model (no covariates) and the full model (all covariates). We observe that
both the null and full models yield poor BICy values—either due to poor fit (low ELBO for the null model) or
excessive complexity (high D,, for the full model).

The best model according to BICy includes two covariates: latitude and depth, indicating these as the
primary environmental drivers among the available variables (the best single covariate is latitude). Note that
the second-best model includes temperature and depth, and the correlation coefficient between temperature and
latitude is —0.79, suggesting a confounding effect between these two covariates.

Observe that, in this case, we intentionally use the BICy criterion rather than the ICLy criterion, as we
don’t intend to penalize the conditional entropy of latent variables. We will generally prefer the ICLy, criterion

for models, such as SBM and LBM (see Sections and [C.2), for which it is of interest to obtain a clear
classification.

Between-species covariance structure. Now, we can examine the estimates of the between-species covariance
matrix X. We first observe that the diagonal elements of ¥ range from 0.7 to 14.8 (median = 4.5) under the null
model, and markedly decrease under the full model (ranging from 0.06 to 5.0, median = 1.7). This indicates
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Model Covariates ELBO D,, pen(m) BICy

11 Latitude, Depth -4415 555 1246 -5660
10 Depth, Temperature -4418 555 1246 -5663
15 Latitude, Depth, Temperature -4354 585 1313 -5667

1 (null)) @ -4615 495 1111 -5726

16 (full) Latitude, Longitude, Depth, Temperature -4307 615 1380 -5687

Table 5.1: Barents fish species (Example . ELBO, dimension D,,, BIC penalty pen(m) and variational BIC
for the three best models according to BICy and for the null and full models. The model’s number is the same

as on Figure @

that environmental variation substantially contributes to the variation in species abundances (recall that, under
the PLN Model the random effect governed by ¥ has an exponential impact on the mean abundance).

Figure displays the estimated species-species correlations encoded by ¥ under three different models.
By construction, these correlations capture ’interactions’ (in a broad sense) that are not explained by the
covariates included in the regression part of the PLN model. Consequently, the correlations observed under the
null model mainly reflect the effects of environmental variation (which the model does not account for) rather
than specific interactions between pairs of species. Notably, many strong correlations observed under the null
model tend to disappear when covariates are included. For example, the correlation between the species'Lu_la
(Lumpenus lampraetaeformis, first row) and Ly_se (Lycodes seminudus, near the center), as well as between
Le_ma (Leptoclinus maculatus, also near the center), weakens substantially once covariates are considered.

However, for both the best and full models, strong correlations—either positive or negative—remain between
certain blocks of species. For instance, the top-left and bottom-right corners of the correlation matrix reveal
two groups of species exhibiting strong positive correlations within each group, suggesting a tendency to
co-occurrence not explained by the included covariates, and negative correlations between groups, indicating
potential avoidance. These estimated patterns may reflect particular biological interactions between species or
responses to unmeasured environmental drivers not included in the study.

5.3.6 Conclusion about PLN model

Poisson Log-Normal (PLN) models provide a flexible framework for modeling count data with complex dependen-
cies, by introducing latent Gaussian variables to capture overdispersion and correlation. While the variational
inference procedure, particularly the VE step, involves intricate dependencies and nonlinearities, the convexity
properties ensure that efficient optimization algorithms converge to a unique solution. This balance of model
expressiveness and tractable inference makes PLN models well-suited for a wide range of applications.
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Figure 5.9: Barents fish species (Example |5.3)). Correlation matrix associated with the estimated species-species
covariance matrix ¥ under the null, best (according to the variational BIC) and full models.

5.4 Variational (probabilistic) autoencoders

In this section, we discuss an interesting bridge that can be built between the VEM approach introduced in
Section and a popular class of models in machine learning: the variational autoencoders (VAEs), first
introduced by (see also [Kingma and Welling|, [2019). VAEs are now widely used for probabilistic
generative modeling. We illustrate this connection using the Poisson log-normal (PLN) model introduced in
Model

5.4.1 Probabilistic decoders

A recent application of latent variable models is probabilistic generative modeling. The goal of generative
modeling is to learn a probabilistic distribution whose samples resemble the original datasetﬂ Among the
methods developed for this task, a popular approach assumes that complex high-dimensional observations
Y € R% are generated from lower-dimensional latent variables Z € R%, which are typically assumed to follow a
standard multivariate Gaussian distribution. The relationship between Y and Z is then modeled through:

e a parametrized non-linear function gy, : R% s R called the decoder (or generative model), which
typically defines the expected value of Y | Z. This function is often implemented as a neural network with
parameters (weights and biases) denoted by 6,;

e a probability distribution pg_, ., parametrized by 85, which defines the noise model for Y.

All these elements lead to the following model.

Model 5.4 (Probabilistic decoder). The probabilistic decoder is defined as the following latent space model:

Z; X N(0,1,),
ind .
Yi |{Z; = z:} " po,, (190, (21)) Vi={1,...,n},

where gy, :R%  R% is a neural network.

8A classical application is generating new images that resemble those in an existing image database.
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The most common choice for py,_, . is a Gaussian distribution, due to its natural connection with the classical
Ly loss used in machine learnin Y =99,(Z) + Ny, (0,001s) (E[Y | Z =2] = go,(2) and the parameter G
corresponds to its variance). However, one can observe that the multivariate Poisson log-normal (PLN) model
(Model also fits within this generative framework, with d, = d, and pg,_,_ being the probability mass function
of a Poisson distribution with mean gy, (2) satisfying (in the case without offset):

g0,(2) = exp (xTB + Z%z) .

Therefore, in this context, 8, = {8, X} (as we suppose z is a known vector of covariates), and there is no Ops.

In general, denoting 6 = {fops, 04}, the likelihood is, for a set of observations y:

logpy(y) = log fzpeobs (y390,(2)) p(2)dz

where p(z) is the density of a standard multivariate Gaussian distribution. Because of the non linearity of

gs, this likelihood is generally be intractable. Applying the EM algorithm would require to have an explicit
expression of pg,(Z | Y = y), which is also non-explicit for the same reasons. Therefore, as for the PLN model, a
common alternative is to perform variational inference.

5.4.2 From VEM to variational autoencoders

In this variational context, the conditional distribution of‘each Z; | {Y; = y;} is approximated by a Gaussian
distribution:

Zi | Vi PR NG (ma, Sh)

and we denote ¢;(z) the corresponding p.d.f. Because of the independence (assumed by Model , we have

that po(Z |Y =y) =11~ pe(Z; | Vi = y;) and we saw in Section that the VE step then boils down, for
each site i, to minimize of the Kiillback-Leibler divergence KL [¢;(Z;) || po(Z; | y;)] which is a function, say £; of
(M4, Si, Yi, Oobs, 0g). The VE step then requires to solve the n minimization problems:

(yi790b579g) - (mlvgl) = argminﬁi(”nﬂ S) yi)90b579g)7
m;S

which is computationally demanding when n is large.

A possible alternative to-avoid n minimizations is to learn a function ey, (y) parameterized by 6, (which is
specific to each Gops, 04, in general), such that for every 1 < i < n:

€9, (yl) = argminﬁi(m7 Sv yiaeobmeg) . (526)

m;

This idea of approximating the functional that links y; to the conditional moments of the corresponding latent
vector Z; is called amortization. This name comes from the fact that when n is large, optimizing the ELBO
with respect to 8. may become cheaper (hence, amortized) than making n separate optimizations independently.
In other words, for close observations y and y’, the amortization scheme will assume that the result of the
optimization will be related by the function eg, .

The function eg,, called an encodeﬂ in the machine learning literature, is generally a neural network whose
weights and biases are given by 6.. The most common structure is to assume that the encoder outputs two

components, i.e.
N 6@,1(%)
e () = (eee,z(yi))

and to set m; = eg, 1(y;) and S; = eg, 2(y;) in the posterior distribution given by (5.26]).

In order to link mean and variance, and reduce the number of parameters, an additional common practice is
to set:

e, 1(y) =hi1of(y) and ep, 2(y)=hao f(y),

where f is a shared function and h; and hy are specific functions (giving results in the proper space). Such
an encoder can be depicted as shown in Figure As the model assumes that the data emerges from the
latent space using the decoder, the global framework for estimation in Model [5.4] is known as a variational
autoencoder, based on the idea that the data ”autoencodes” themselves. The complete representation of the
variational autoencoder framework is shown on Figure [5.10

9More precisely, a typical loss function for a given latent variable z; and an observed sample y; is the reconstruction error
Hyi -9, (zi) HQ, which also appears in the p.d.f. of a Gaussian distribution.
10As it encodes the data in the latent space.
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Figure 5.10: Schematic representation of the variational autoencoder framework for variational inference in
Model The VE step can be seen as learning the encoding part while the M step can be seen as learning the
decoding part.
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Figure 5.11: Schematic representation of the encoder function to be learnt in the VE step for Model

5.4.3 Maximization of the ELBO for variational autoencoders

Overall, the ELBO then becomes a function of 64, 0. and ,1,s. Indeed, the variational distribution is given by:

do.(2) = [T 0(zi:co,1 (1) o, 2(51))

=1

where ¢(-;m,S) is the probability distribution function of a Gaussian vector with mean m and covariance
matrix S. Using the formulation of Equation (5.4) the ELBO becomes

ELBO(q95799790bsay) = ]que Zlogpeobs (yi;geg(Zi)) - KL [qee(Z) ” QS(Z;OaIdZ)] . (527)
=1

The VEM algorithm then corresponds to alternate optimization of the ELBO with respect to 6, (VE step)
and (04, 0obs) (M ste[ED. Both maximizations are usually done a using gradient algorithm, which requires the
computation of the gradient of the ELBO with respect to 6 = {6, 0, Oons }-

Note, however, that whereas the Kullback-Leibler divergence on the right hand side has an explicit expression
(being the divergence between two Gaussian distributions), the expectation with respect to gp, (left term) has
no closed form in general due to the highly complex non linear mapping gg,. Therefore, nor the ELBO neither
its gradient can be computed. In practice, this problem is solved using Monte-Carlo methods. First, note that if

Up % N, (0,10,) (1< <n), then:

Zi | {Yi =y} "2 eq. 1 (yi) + (eo, 2(9:) /> Us.

I Note that in most machine learning applications for generative modelling, there is no f,ps to estimate, as potential noise
parameters are supposed to be known.
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This writing, known in machine learning as the reparametrization trick, enables to express the expectations in
(5.27)) as expectations with respect to U; whose distributions do not depend on 6. Therefore, the gradient of the
expectation becomes the expectation of the gradient, resulting in:

VoELBO(qs. 04,000, Y) = Z]EU,-[V@lngeobs (yi;geg (698,1(%) + (698,2(%‘))1/2 Uz)):l
=1
- VoKL[g0.(Z) || (Z;0,14.)].

Again, the second term is easy to compute. Nonetheless, the expectations remain intractable, and are, in practice,
estimated by Monte Carlo sampling, which allows to obtain an unbiased estimate of the gradient, and then to
perform stochastic gradient ascent.

To summarize, on Figure [5.10} the (V)E step consists in maxizing with respect to ., and then learning the
left hand side mapping, while the M step maximizes with respect to 6y, and then learns the right hand side

mapping.

5.5 Conclusion of the chapter

In this chapter, we present the principle of VEM and its practical relevance through its application to several
models in ecology. Despite its empirical success and computational efficiency, the method remains only partially
understood from a theoretical perspective, with relatively few rigorous results available.

Other strategies based on deterministic approximations of the conditional distribution pp(Z |Y =y) can also
be considered but have not been presented here. For instance, Expectation Propagation (EP) would approximate
po(Z | Y =y) by moment matching. While EP may yield more accurate approximations than the variational
approximation, its applicability is more limited (since the moment of the true distribution must be known), and
its implementation can be technically demanding [see [Minka and Lafferty) 2012, for an example of application].
When the posterior pg(Z | Y =y) is unimodal and approximately Gaussian, the Laplace EM method replaces
the exact E-step with a Gaussian approximation [first paper by [Steele) 1996].

All these methods perform deterministic approximations of the conditional distribution in order to replace
the exact E step of the EM. Obviously, an another approach is to propose Monte Carlo approximation of the E
step resulting into a Monte Carlo EM or variants. This approach presented in the next chapter has found the
widest use in practice. It offers a flexible and general way to approximate the E-step using samples, making it
applicable to a broad range of models.
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Appendix A

Some classical technical results
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This chapter presents key technical results and properties. While these results are commonly found in
standard statistics textbooks, we include them here to ensure the document is self-contained. For completeness,
we also provide detailed proofs of these results.

A.1 Multivariate distributions

While univariate distributions are well known and widely studied, multivariate distributions are less familiar and
often require the use of matrix algebra for their manipulation. To ensure a clear understanding of the material
presented in this book, we review general results on the well-known multivariate Gaussian model.

A.1.1 General properties

( 7

Proposition A.1. Let U be a random real vector of size n with mean vector E[U] = u and variance matriz
V[U]=X. Let B be any p x n matriz, then

E[BU + o] = By + o, V[BU + o] = V[BU] = BEB".

Let A be a symmetric matriz, denoting HUHZ =UTAU, we have

E[JU15] = Iul, + tr(AS),

Proof of Proposition

Because A is symmetric, we may write it as A= BB", so taking V = BU we get

E[V]=E[BU] = By, V[V]=V[BU] = BB , E[|U]%] =E[vTV].
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Furthermore, by definition of the variance, we have that
E[VTV]=E[V]'E[V]+tx(V[V]) = u"B"Bu+ tr(BEB"),
which gives the result because tr(BXB") = tr(B"BY).
A.1.2 Multivariate Gaussian distribution

IS ™
Definition A.1. A random vector

X1

X = e RP

Xp
is a Gaussian vector if every mon-zero linear combination of its components is a Gaussian random variable.
Formally, for all uw = (uy,...,uq)" #0, we have

u' X NN(Muvoi) )

where ., and o2 are the expectation and variance (depending on u) of the linear combination. For a
Gaussian vector, we write:

pi=E[X],
VIX]:=E[(X -E[X])(X -E[X])7].

We then use the notation:

X = Ny(1: 5).
N\ J

We first state the following facts about the Gaussain vector, also known as multivariate Gaussian distribution.

s N
Proposition A.2. Let U ~ N,(u, ). We have the following properties.

e Characteristic function: The characteristic function of U is given by, for u e RP:
T L 5
ou(u) =expliu' p— U Sul .

In particular, a Gaussian vector is defined even if ¥ cannot be inverted.

e Probability density function If X' exists, then U admits a probability density function given by,
for u e RP:

Bus %) = ~glu-nl} (A1)

e
— - €X
(2m)p/2 ||/ P

e Linear combination of Gaussian vectors. Let and ~ N,(pv,Xy) such that U and V are
independent, and o and [ be two real numbers, then:

aU + BV ~ Ny(ap + Buy, oS + B°Sy ). (A.2)

e Linear transformation of a Gaussian vector. Let A be a q x p matriz and m € R9. Let’s define
V= AU +m then:

Vv Ng(Ap+m,ASAT). (A.3)

Proof of Proposition

Proofs of these results can be found in numerous references, such as in |Anderson| [1958].

We now state useful results linking conditional, marginal, and joint distributions of Gaussian vectors, that
will be used all along this book.
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( 7

Proposition A.3. Let (U, V) be a couple of real random vectors in RW and v € R with respective
mean vectors B[U] = py and E[V] = puy and respective variance and covariance matrices V[U] = Tyy,
V[V]=%vv and Cov(U,V) = Xpyy = X7, = Cov (V,U)" and joint multivariate Gaussian distribution:

U . | po | Xpv Yuv
R e |
Then

e the marginal distribution of U and V are given by:

U~ Ny, (po, Xvv)
V ~ Nay (v, Zvv);

e the conditional distribution of U |V is Gaussiar{’| and

E[U | V]=pv +SuvEh (V- py), V[U | V] =20 - SovEySve -

%The distribution of V' | U is of course obtained by interverting the matrices.
. J

The proof (and those of the following Propositions) will require the following useful linear algebra results to
manipulate inverse of matrices:

e N
Lemma A.1 (Woodbury identity and inverse of a blockwise defined matrix). Let A and D be invertible
square matrices of size da x da and dp x dp respectively, and B and C be rectangular matrices of size
dg xdp and dp x d s respectively. We have the following results:

1. Woodbury identity
(A+BD'C) ' = (I, -A7'B(D+CAT'B)'C)A™ .

2. Let M be an invertible dps x dp; matriz that can be written block wise:

A B
M - ( 4 D) |
Then, we have that:
M- S -SBD!
-D'cS D'+D'CcSBD'}’
where
S=(A-BD'C)™.
\ Y,
Proof of Lemma [A.]]

For both results, the proof is obtained by doing matrix multiplication and checking that it gives the
identity matrix.

Proof of Proposition

The result on the marginal distributions is simply obtained by applying Equation (A.3). For instance,
for the marginal of U. Let’s consider the diagonal matrix:

dy times dy times)

A:diag(l,...,l,O,...,O
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U .
Then, U = A x (V) and, by Equation (A.3):

U~ Ny, (po, 2vu) -

Now let’s prove the result on the conditional distribution. Let’s remark from Equation (A.1)) that if
X ~ Ny(m,S), such that P =: S~! exists, then, it’s probability density function satisfies, for z € R?

1 1
logp(z) = —g(x -m)"P(z-m) +cst = —ixTPx +2" Pm +cst, (A.4)

where the cst?] stands for a constant that does not depend on z. Moreover, every probability density
functions that has the form of Equation is the one of a Gaussian vector with mean m and variance
S = P71, The technique of the proof, well known by Bayesian users as completing the square, consists in
identifying such form for the law of U|V.

Let’s consider the matrix ¥ of our Proposition, and denote A = ¥~!. By Lemma [A.1] we have:

A Avy  Apv
Avy Avv |’

Wherdﬂ

_ -1
Avu = (Svv - SuvEH Zve)
Aupv = -AuuZuv Iy

Avo = Al .

Now, let’s recall that our target density p(u|v) satisfies, for u € R and v € RV

p(u,v)
p(v)

tog (o | ) = 1og( ) el e

Moreover, log(p(u,v)) is given by :

1o W[Ave Auv](u + n [Avvpu + Auvpy
log(p(u,v)) == 3 (w0 )[AVU Avy | \o)* (u?v7) Avupu + Avypy
1
) (u"Appu+u'Agyo) + v Avgu+u’ (Apupo + Auy py)
1

- §vTAvvv +v' (Ayypy + Avyvpy)

Note that the last row does not depend on w and thus is a constant when considering p(u | v). Moreove,
note that v"Ayyu is a scalar, thus equal to its transpose, and thus equal to " Ayyv. This leads to

1
log (p(u | v)) = _iuTAUUU +u' (Ayvpu + Avv (py - v))

1 _
= —iuTAUUU + UTAUU (,U,U + AUlUAUv(/J,V — ’U)) o

Then we recognize an expression as in Equation (A.4), i.e. the probability distribution of a Gaussian vector
with:

VU |V]=Agy =Zvv - SovEAZve,
E[U | V] =pv + AgyAuv(py - V)
= pu + Sov Sy (V- uy),

where we used the expression of Ay and Ayy to conclude.

“Note that this generic term potentially refers to a different constant at each step of the computation.
bAs Ay is not needed in the subsequent computations, we spare its expression to the brave reader that came until this
point.
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where A is a dy x dy matrix. Then, the law of (U, V), U |V and V are given by the three following propositions.

Let’s now consider two random variables U and V whose distribution satisfy:

v ~ NdU(/“L7Q)
VIU = Ny (AU +b,%),

(A.5)

-

Proposition A.4 (Joint distribution of (U,V)).

AT, m 0 QA"
V)] Tt dvil A+ b \AQ S+ AQAT) )

~

Proposition A.5 (Conditional distribution of U | V). Writing A = Q™! and T = X7, we have:

UV~ Ny ((A+ATA) " (ATT(V =b)+ Ap), (A+ATA) ")
Or, equivalently, U |V~ N, (u+ KV -b-Ap), (Ig, - KA)Q)
where K = QAT (X + AQAT)™!

Proposition A.6 (Marginal distribution of V).

Vo~ Ng, (Ap+b,2+AQAT).

Proof of Proposition
We start by writing the joint p.d.f. of (U, V). Let’s denote A = Q7! and I' = X1,

log p(u,v) =logp(u) +logp(v|u) + cst
1 1 1
= —iuTAu +2 Ap - iuTATI‘Au - ivTFU +u"ATTv+v'Th—-u"ATTh + cst

1 A+ATA -AT\([u Ap—A"Tb
:—i(uT vT)( TA I )(v)+(uT vT)( ul"b )

Now, let’s stop here. Denoting = = (u,v)”, we again (almost) recognize the form of Equation (A.4),
where we have the precision matrix

p_(A+ATA -AT
“\ -r4 r )

To higlight the mean vector, we then have to make P appear in the linear term. We have that

e e e (i

I'b

_ T
Then, we have that the mean is given by P! (A,u 4 Fb). Now, Lemma gives us a formula to

compute P~!. We easily check that the corresponding S matrix is given by A~' = Q, and thus, that the
variance-covariance matrix of (Z,Y") and the expectation are given by{%

(9 QAT
“lao »+ 404

_ _1 A,LL—ATFb _ 1%
et ( o ) \ap+s)
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%Recalling that I~ = %

Proof of Proposition

The first expression is a direct application of Proposition to the Gaussian vector given by Proposition
The second expression comes from the Woodbury identity of Lemma We have that (retransforming

precision matrices into variances):
(A+ATA) " = (I, -QAT (S + AQAT) 1 4) Q,
And therefore:
(A+ATTA) " (ATT(V = b) + Ap) = (Iny - QAT(S + AQAT) T A) Q(ATSH(V = b) + Q')
=p-KAp+QATS (Y - b) - KAQATS N (V - b)

=p-KAu+ K(Z+AQAT)SH(V -b) - KAQATS (Y - b)
=p+K(Y -b-Ap)

Proof of Proposition

This is simply obtained by applying the result on the marginals of Proposition to the element V' of
Proposition Note that on other way to prove this is to remark that the second line of Equation
is equivalent to state that:

U=AV+b+FE,

where E ~ Ny, (0,X) and is independent of V. Thus, the results directly comes from Equation (A.2)).

We finally state two useful results for some computations made in this book.

Proposition A.7. Let U ~ N,(u, X), then

Ent[U] =

[NVl S]

1
(1+1log(2m)) + 3 log |X].

Proof of Proposition [A.7|

The entropy of a random variable U with density p is -E,[logp(U)], so, taking U ~ N,,(u, X) and the
expression of the pdf for the multivariate Gaussian of Equation (A.1)), we have

Ent[U] = % (1og\2| +plog(2m) +E[\|U - ul\éfl]) .

The result follows from Proposition because E[U - 1] = 0, and tr(XX71) = tr(1,) = p.

Proposition A.8 (Moment of order 3 of a Gaussian vector). Let W ~ Ny(m,S): Then, for any triplet of
indices 1 <i,7,k <d:
E[WinWk] =m;m;imyg + miS]‘k + ijik + mkSij .

Proof of Proposition

Let’s consider Z = W —m, which is a centered Gaussian vector, i.e., for any 1<4,j <d

E[Z;] =0
E[Z:Z;]=V[Z;;]=Vi;.
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Now, note that Z and —Z are identically distributed. Then for any triplet of indices 1 <, 7,k < d:
E[Z;Z;Zy] = -E[(-Z:)Z; Zx] = -E[Z:Z; Zy] .
And therefore E[Z;Z;Z;] = 0. Moreover, we have:

E[WZWJW]C] :E[(ZZ TP mz)(ZJ T m])(Zk s mk)]
=m;m;myg + ]E[ZiZjZk] + m,-]E[ZjZk] + ij[ZiZk] + mkE[ZiZj]
+m;m;E[Z] + mimiE[Z; ] + mymiE[ Z ]

=m;mimyg + miSjk + ijik + mkSij o
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A.2 Exponential family and generalized linear models

We begin by recalling fundamental properties of distributions from the exponential family.

A.2.1 The natural exponential family

The natural exponential family is a class of probability distributions that includes common examples such as the
normal, Bernoulli, binomial, Poisson, and gamma distributions, among others. What these distributions have in
common is that they can be written in a specific exponential form, allowing for a unified presentation of results.

e 2
Definition A.2. The distribution f(.;v) with support Y belongs to exponential family with parameter
v eR® if

fyiy) =exp[v"S(y) —a(y) -b(v)],  Vyeld, (A.6)
where S(y) € RY is the vector of the sufficient statistics , v ~ b(7y) € R is a differentiable function. If, in

addition, y — S(y) is the identity then v is called the canonical parameter (or natural parameter)
N J

Remark. Note that another formulation used in Chapter 77 is:

f(y;0) = exp [-9(0) + (5(y), 9(0))]
which is equivalent with v = ¢(0) and ¥(0) = a(y) - b(y).

Examples
o If f(.;A) is the exponential distribution £(A), then:

fly; \) = e = exp[ -y + log A
=exp[yy - (~log(=7))]

~ = =\ is the canonical parameter, and b(vy) = =log(=7).

o If f(.;p) is the Bernoulli distribution Bern(p), then:
Flyip) =p"(1-p)' ™" = explylogp + (1 - y) log(1 - p)]

= exp[log (f%p) y +log(1-p)]

o= 1og(1"%p) is the canonical parameter. Moreover, p = % et b(vy) = —log(1l -p) = —log(ﬁ) =
log (1+¢7).

o If f(.;u) is the Poisson distribution P (), then:
b
fyip) = o exp[ylog p - p—log(y!)]
v =log i is the canonical parameter and b(~y) = u = exp(7y).

Moments in the exponential family The parameter v is linked to the moments of the sufficient statistics
as follows:

Proposition A.9.
E[S(Y)]=v,b(7),  VIS(Y)]=H,b(7)

where V and H are respectively the gradient and Hessian of b. In addition, if v is the canonical parameter,
then
E[Y]=V,b(7), V[Y]=H,b(v) (A7)
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Proof of Proposition

Remember that if 1) : © — R, the gradient of ¢, denoted Vg1 (0), is the vector of the partial derivatives of
1 with respect to each component of §. If ®:© — R* J, (®(0)) is the Jacobian i.e. the partial derivatives
of each component of ® with respect to each component of . Hy1(0) is the Hessian matrix i.e. the matrix
of the second derivatives of ¢ : Hy (10(0)) = Jg (Vor0(0)).

Using the fact that fy fy(y;7)dy = 1, we derive that expression with respect to v (interverting the
derivative and the [ by regularity, with no demonstration).

0= [ Vo fm)dy= [ v, exply"S() - aly) ~b()] dy
=f[S(y)—va(v)]expWS(y)—a(y)—b(v)]dy
=f[5(y)—Vwb(7)]f(y;v)dy

that is
0= [E[SW)]1 -0 [ fr(u:7,6)dy.

—_——
=1

Differentiating one more time, we get

0= [ 3, [(S() - V-b(1)) (w301 dy
- [-Hs @ dy+ [ [5G) - 926 [S@) - Vb0 £ (557) dy

= ~Hb(y) + [ [Sw) -EIS@I'IS() ~ELS)1)f (4 7) dy
= —Hb(y) + V[Y].

Maximum likelihood estimation in the exponential family

- 2
Proposition A.10. For an #id sample Y = (Y1,...Y,,) of f(:;7), the log-likelihood of y realisation of Y is:
n
log Py (y) =10gp, (y1,---yn) = 2 [V S (i) — alys) = b(7)]- (A.8)
i=1
v = logp,(y) is a concave function w.r.t. y
N J

Proof of Proposition

The expression of the likelihood is easy to write. On the one hand, the Hessian matrix of the log-likelihood
(A.8) is -n Hb(y). On the other hand, Proposition states that Hb(y) is a variance matrix, so it is
positive definite. As a consequence, the Hessian matrix of the log-likelihood is negative definite and the
log-likelihood is concave.

Proposition A.11. The MLE 7 = argmax. logp(y) satisfies

Vb9 = iS(E) L S(Y).

This shows that the MLE # is also the moment estimate of v based on the mean of the sufficient statistics.

Proof of Proposition
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The derivative of v = logp,(y1,...yn) W.r.t. v is

Vy Ing'y(yla ceiYn) = ES(Yz) - nv’yb('y)-
&=

Setting it to zero gives the result.

A.2.2 Generalized linear models

The Generalized Linear Model (GLM) is an extension of the linear model that allows us to.deal with observations
whose probability distribution belongs to an extended family of distributions.

Definition A.3. The generalized linear is given by a probability distribution for Y; with density p.,(y) and
a function g called the link function such that

g(E[Yi]) =z{5.

This establishes a non-linear relationship between the expectation of the variable to be explained and the
explanatory variables and allows us to consider observations of a varied nature, such as presence/absence data
presence/absence data, success rates for treatments, species count data, or even lifetimes or other positive
asymmetric variables.

Choosing the link function g Any bijection from the space of E[Y] into R can be chosen as a link function
g. However, in the case where p,(y) belongs to the exponential family, we choose as link function the function
that transforms the expectation E[Y] into the canonical parameter i.e.

g= (bl)—l P gfl _ bl

g defined in this way is called the canonical link function. Therefore, since g(E[Y;]) = z;8 and furthermore, by
Equation [A.7 we have : E[Y;] = ¢ 1(2:8) = ¥'(7:), we obtain

v = (") g7 (@:B) = 23

for this particular choice.

Examples

o If y; € {0,1}, it is natural to model y; using the Bernoulli distribution:
Y; ~ Bern(p;) with E[Y;]=p; €[0,1].
Let g:[0,1] = R be a bijective function. We define:
gEY: ) =2]8 < E[Yi]=g'(z]h).
— Noticing that this distribution belongs to the exponential family and using the previous calculus, we
get b(7;) = log(1+ 7)) and so
eiB

E[Y;]=b'(vi) = —
[Yi] =0"(7) T

i.e. b’ isthe inverse logit function, g = logit.

— Alternatively, one can choose g~! as the cumulative distribution function (CDF) of the standard
normal distribution, since it is a bijection from R to [0, 1], in which case g = probit.

e If y; € N, we may model y; using the Poisson distribution: Y; ~ P(u;). In this case, the distribution belongs
to the exponential family with b(v;) = b'(7) = €7. E[Y;] = €%i# e R**.
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A.3 Graphical models

In this section we only provide a few notions on graphical models. The reader may refer to the book by [Lauritzen
[1996] for more formalism and theory.

A graphical model is a representation of a probabilistic model as a graph, which encodes its conditional
independence structure. In this graph, nodes represent random variables, and edges signify the conditional
independence relations between these variables. The graphical model hence provides a global picture of the
dependence structure. For example, it allows to see if the joint distribution breaks down into a product of smaller
components, each involving only a subset of the variables.

A.3.1 Directed acyclic graph (DAG)

A graph G is made of a set of nodes (or vertices) V ={1,... N} and a set of edges £, which are pairs of nodes.
Formally, a graph is therefore defined as

G=(,¢), EcVxV.

In a directed graph, the edges have directions, meaning that the edge (1,2) is different from the edge (2,1)-
The edges are therefore represented as arrows, the edge (1,2) being represented as 1 — 2. Figure gives an
example of a directed graph.

Figure A.1: An example of directed acyclic graph G = (V,€) with vertices V = {1,2,3,4,5} and edges & =
{(5.1),(2,1),(3,1),(4,3)}

s 2
Definition A.4 (Vocabulary for directed graphs).

o If there is an arrow from U to V then U is said to be a parent for V.. We denote by pa(V,G) the set
of all the parents of V in graph G.

A directed path between two nodes is an ordered set of nodes connected by edges all with the same
direction linking one node to the other as a chain.

e U is an ancestor for V is there is a directed path from U to V or equivalently, V is a descendant of
U. We denote by desc(U,G) the set of descendant of U in the directed graph G.

o A cycle is a directed path that starts and ends at the same node.

A directed graph is said to be acyclic (DAG) if it has no cycle.
L J

Remark. Obviously, if G is a DAG, a parent of node cannot be one of its descendant:

VVeV: pa(V,G) ndesc(V,G) = @.

In Figure the parents of node 1 are 3, 4 and 5 so pa(1,G) = {5, 2,3}, the only parent of 3 is 4 so pa(3,G) = {4}
and 5 has no parent, so pa(5,G) = @. In the same figure, (4,3,1) forms a directed path from 4 to 1: 4 - 3 > 1.

Figure gives an example of a cycle. The graph represented in Figure has no cycle and is therefore a
DAG. Directed graphical models are supposed to DAGs.

Remark. Note that directed graph associated to a probabilistic distribution is also referred as Bayesian network
which is quite confusing since the terminology does not refer to the inference method (a Bayesian network may
be inferred by a frequentist approach).
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Figure A.2: An example of directed graph G = (V, €) with vertices V = {1,2,3} and edges € = {(1,2),(2,3),(3,1)}
forming a cycle.
A.3.2 DAGs and probability

Let us consider a set of variables U = {U; }1.y and a DAG G = (V,€) where V = {1,..., N}. The distribution P
on V is said to be factorized with respect to G if the joint distribution p(Ui.y) can be written as

N
p(Urn) = [ 12U | (Uj) jepacig))-

i=1

In the sequel we will often abuse the notations and identify the node ¢ with the corresponding variable U;.

Examples of DAG and corresponding joint probability.
e The joint distribution corresponding to the DAG of Figure
p(U1,U2,Us,Us,Us) = p(Us | Uz, Us, Us )p(Uz)p(Us | Us)p(Us)p(Us ).

e The graphical model associated with the mixture model (Section [3.1)) and the the zero-inflated Poisson

model (Section is the following DAG:

P(Vim Xa). = (ﬁp%)) (ﬁpm | zn).

e The graphical model associated with the Hidden Markov model (Section [4.1.1) is the following DAG:

Fir

2(Yims Z1m) = p(21) (f;p(zt | ZH)) (ﬁp(n | Zt)).

meaning that:

meaning that:

e Obviously, no distribution p(Uy,Us, Us) could be factorized with respect to the DAG from Figure as
the factorization p(Uy | U3)p(Us | U1)p(Us | Uz) makes no sense.

Proposition A.12. Let p(Uy,...U,) be a joint distribution factorized with respect to the directed graph
G=W,E) withV = (Uy,...Un).
Define the set desc(V') of non-descendants of node V €V as the set of the nodes that neither its descendants,
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nor its parents (nor itself):
desc(V) =V~ ({V}upa(V,G) udesc(V,G)).
Then, conditionally on its parents, a node is independent from its non-descendants

VVeV: V 1 desc(V,G) | pa(V,G).

| Consequently: p(V | desc(V,G),pa(V,G)) = p(V | pa(V,G)). |

Moralization of a DAG. The moral version of a directed graph G is obtained by marrying (i.e. setting an
edge between) all the pairs of parents and then by removing the directions on the edges. The moral version of

the DAG of Figure is given in Figure

Figure A.3: Moral graph of the DAG from Figure

In an undirected graph, an undirected path between two nodes is a set of edges (ignoring the directions)
linking one node to the other. In Figure (Us,Us), (Us,Us,Us) and (Us, Uy, Us) are all paths relating Uy to
Us.

s a
Proposition A.13. Let p(Uy,...U,) be a joint distribution factorized with respect to the directed graph
G=(,&) (withV ={Uy,...Up}).

Let I, J and K be three subsets of {1,... N} and define the corresponding subsets of random variables as
Ur ={U;}ier, Uy ={Uj}jes and Uk = {Uk}rek -

Then, in the moral graph deduced from G, if all the paths from I to J pass through K then Uk I is independent
from Ujy conditionally on Uk :

U[.U.UJ|UK.

As a consequence: p(Ur | Uy, Uk) = p(Ur | Uk).
L J

Tllustration of Proposition on the DAG of Figure
1. Let us set I ={5,2,1},J = {4}, K = {3}. All paths from I to J go through K so:
P(Us,Uz,U1,Us | Uz) = P(Us, Uz, Uy | U3)P(Us | Us)

2. P(Uy | Us,Us3,Uy,Us) = P(Uy | Uz, U3, Us)

A.3.3 Using the DAG to set independence properties in the HMM

s a
Proposition A.14. For the HMM whose DAG is provided in Figure [A]], the following independence
properties hold:

1. P(Zpsr | Y1ty Z1t) = P(Z4i1 | Z4)
2. P(Zpsr | Z1it) =P(Zpa1 | Z4)

3. P(Yie1 | Y1ty Z1:g1) = P(Yii1 | Zisn)
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Directed acyclic

o9 9
o4 4

Figure A.4: Graphical models associated with an HMM. Top: Directed (DAG) graph, Bottom: Moralized
(undirected) graph.

Proof of Proposition

1. All paths from I = Y34 to J = Zy41 go through K = 714 so Z;,1 is independent from Y., conditionally
on Zy; and we get:
P(Zys1 | Y1t Zs) = P(Zei1 | Ze)

2. All paths from Zy.;_1 to Zyy1 go through Z;, meaning that Z;,; is independent from Z1;_; conditionally
on Z; (i.e. (Z;) is a Markov chain);

3. All paths from Y7 to Y;,1 go through Z;,1; meaning that Y;,; is independent from Y7.; conditionally
on Ziy
P(Y;H—l | Yl:t; Zt+1) = P(Y;H—l | Zt+1)

Proposition A.15. Conditionally on the observed data' Y = Yi.,, (Z;) is still a Markov chain. In addition,

P(Zp1 | Z1:t, Yiin) = P(Zis1 | Zi, Yierm) -

We propose two versions of the proof of this proposition, one relying on the DAG and the other one without
the DAG.

Proof of Proposition (Version 1)

1. We have to prove that conditionnally on the observations, (Z;) is still a Markov Chain, i.e.

P(Zi11 | Z1:ty Yim) = P(Zys1 | Z4, Y1) -

Using that P(ZHl | Zl!t7Y127’L) =P Zt+1 | Zl:t—laZh}/l:n s let us set
I J K

I=Z1, J=2Z141, K={Z,Yin}.

All paths from I to J go through K.
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2. We now need to prove that P(Zy1 | Z1:4, Yiin) = P(Zt11 | Zt, Yes1:n ). We have:

P(Zir1 | Z1:4,Y1in) = Pl Zis1 | Z1:4-1, Ve, Zt, Yita1)m
——

—_— —
1 J K

All paths from I to J go through K and we can conclude.

Proof of Proposition (Version 2)

Without the use of the DAG methodology, the proof takes more time. Here is a proposal.
P(Zir1, Z1:4, Y14, Yer1in)
P(Zis1 | Z1:t,Yin) = P(Zi1 | Zit, Y1ty Yesrn) = 2(Zre Yim Yortn)
P(Yerrn | Y7, Zsr, Z02)D(Yiet, Zirr, Z1:t)

p(Y;‘/+1:n | Zl:t71/1:t)p(Z1:t7Y1:t)
PYesrn | Ze+1)P(Yiit | Zta1, Z1:4)p(Zta | Zﬁ)p(Zm)
p(}/ﬂl:n | Zl:t7}/1:t)p(ylzt | Zl:t)p(let)

But p(Y1:t | Zi+1, Z1:t) = p(Y1 | Z1:) So

PYeern | Zeo1)p(Via b 2T, Z10)0(Ziir | Z1)
p(Z Z1:4,Y1m) =
(Zeea | Zrsts Yin) p(YVertn | Zrt, Yi)p(aa 212

Finally:

_ P(Yerrn | Zee1)p(ViadZet, Z1)P(Zisr | Zt)
B | ) PYirtm | Zat, Vi) plar H210)
p(Y;+1:n | Zt+1)p(Zt+1 | Zt)
p(Y;‘,+1:n | Zt)
p(Zt+1 | Zt7Y;5+1:n)
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A.4 Derivation of the Bayesian Information Criterion (BIC)

This section presents key mathematical results essential for the derivation of the BIC.

Laplace approximation The definition of the BIC introduce in Section relies on a Laplace approximation
of the integral of an exponential function.

Lemma A.2 (Laplace approximation). Consider L:RP w R with a unique mazimum at u*, with full rank
Hessian matriz L' (u*), it holds that

D 1/2
nL(u) _ .nL(u*) (27T)
/RDe du =e (nD|—L”(u*)|) (1+0,(1)).

Proof of Proposition
First remind that, if A is a D x D positive matrix (A > 0), we have that

1, 2 ~1/2
[y o (<5103 du=147 )" (4.9)

(we may recognize the normalizing constant of the multivariate Gaussian distribution). Then consider the
second order Taylor expansion of nL about u*: because its first derivative L'(u*) is zero, we get

w1 .2 .2
nL(u) =nL(u )‘5”“‘“ H(_nL,,(u*))+0n(||u—u 17)-

The result follows from (A.9), taking A = —nL" (u*) (which is positive definite because, u* being a maximum,
L"(u*) is negative definite) and observing that |-nL”(u*)|=n? |-L" (u*)|.

Derivation of the BIC. We only provide here an idea of the derivation of Equation ([2.26)

logn

108 ([ p(ws8.m) 06,1 ) =108y | T m) - D 5" 40, (1),

where 8,,, = argmaxy p(y | 6, M = m) is the maximum likelihood estimate of # under model m. We consider the

independent and identically distributed setting, that is: we assume that the data are Y = (¥7,...Y,), where the
Y; are all independent conditional on 6 and m; with distribution p(y; | 8, m).

Proof of Equation (|2.26|)

We propose a sketch of proof of Equation (2.26]) in the i.i.d. case. We define the normalized (conditional)
log-likelihood of the observe dataset y = (y1,...Yyn) as

1 1 n
L(6) = —logp(y |6,m) = - > logp(y: | 0,m)
=1

which is maximal for 6 = 8, and converges in probability to E[logp(Y; |0, m)] as n tends to infinity. Now,
we may write the integral of interest as

[ p(y.6.m) a6 = [ exp(togp(y | 6.m) +10gp(8] m) + logp(m)) d

= [ exp(n[L(8) + on(D)]) a6

where the latter equality holds as long as neither logp(6 | m) nor logp(m) depend on n. Then, using
Lemma[A'2] we have that:

[ p(y.6,m) a9 = L@ @) Pl2n~P 2| L ()2 (14 0(1)

where D, is the rank of L"(6), that is the number of independent parameters in 6 under model m. Taking
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the logarithm gives

—~ 1 D 1
log fp(y, 6,m) df =nL(6,,) — D, o™, 7’" log(2) - 5 log|-L"(0)| + 0, (1)
= 1
=nL(Bp) - D 2" 1 0, (1)

because neither D,,, nor |-L"(8)| depend on n.

Remark. Observe that the Laplace approzimation holds whenever n™*logp(y | 6, m) converges in probability,
which is true for many other models such as hidden Markov models (Section|.1.1), or the multivariate Poisson
log-normal model (Section .
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Appendix B

Proofs
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B.1 Proof of Proposition 3.6

Proof of Proposition (3.6

Complete score function The complete score function gives the derivative of the complete log-likelihood
with respect to 3,0? and (7]2)

1<j<r’

From Equation (3.5, we have

Sp(y,Z) = Vslogpe(y, Z)
1 T

=X (y-XB-UZ). (B.1)

So2(y,Z) = Va2 logpy(y, Z)

n 1 2

=+ —|ly-XB-UZ B.2
552 T 35 ly-XpB [ (B.2)

Vi<j<r, S,:(y,2Z)=V,2logps(y, Z)

-y

1 2
= - +—1Z;|"- (B.3)
27]2 27;1 4

Hessian matrix We now focus on the hessian matrix, which we will consider block-wise:

He(y) — Hpoe(y)  Hsp ()
Hy (logpg(y)) = H5’02 (y) H,- (y) Ha2,7fw(y)
H/T37’Yl2:r (y) H(T727,yir(y) H'yfw(y) .

As we are only interested in computing confidence intervals for 5*, let’s first prove that:

Eg{Hp,2(Y)] = Eg[Hy 2 (Y)]=0.
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This would be of great interest, as, in this case:

Eg[Hs(Y)] 0 0
In(@\)a = E@*[H@ (pg(Y))] = 0 @‘[Hg? (Y)] E@[HUQ,Wf:T(Y)]
0 ]Eg[lemzm(Y)] E;[Hvir(Y)]
_ (E§[Hﬁ(Y)] 0 )
0 M—52,312:T(Y) ’

where M2 52 is a matrix containing all terms not related to the variance of §*. Therefore, V[@] = 1,(0)!

would also be block diagonal, and our variance of interest will be given by IE—G;[HB(Y)]_1

Let’s prove that is is indeed the case.
Proof that Hg ,2(y) =0 Thanks to Equation (2.21)), restricted to 8 and 77, we have:
Hp o2 (y) = E5{J,2 (S5(y, Z2)) | Y =y] + Covg (55,52 | Y =y). (B.4)

Considering the first term, we have:
1
E5[Jo2Ss(y, 2) | Y =yl = - X" (y - XB-UE5[Z | Y = y])
1 o+ .
=—;X (y-Xp-Um) . (B.5)

Moreover, let’s denote
W=y-Xp-UZ.

We have that:

mW) =B [W|Y =y] =y - XB-Um, (B.6)
VW) = V(W | Y =y] =UOU ™. (B.7)

Therefore:
Covy (95,52 | Y =y) = L ox Covg (W, [W?)
6 "Moo 20-6 7] 9
1
= 55 X (BglIWI* < W | Y = y| ~Eg| IW[* | ¥ =y| < Eo[W |V =9]) (BS)
The third expectation is given by (B.6), let’s consider the second one:
Eg[|WI* | Y =y = Eo{WTW | Y = y]
=(y-XB) (y-XB)-2(y-XB) UE[Z |Y =y]+Eg[ZUUZ | Y =y]
=(y-XB)" (y-XB)-2(y-XB) Um+tr(UEg[{ZZ" |Y =y|U")
=(y-XB) (y-XB)-2(y-XB) Um +tr(Unm'U") +tr (UOUT)
=|y-Xg-Um|* +tr (UOUT)
Then, we have that:
Es[|WI* | Y =y < Ba[W | ¥ = 9] = (ly - XB-Um|* +t: (UOU")) (y - XB-Um)  (BY)

Consider then the expectation:

Ep[WI* < W | Y =y] = Y Bo[W2 < W | Y =y].
=1

(3
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Thanks to Proposition we can compute the j-th element (1 < j <n) of this vector:

M:

Eg[IW|*x W | Y = y] E[W2W; | Y = o]

1

<.
Il

M:

n
() V) xm + 2 5 m.

<.
Il
—

Then, stacking all these elements, we have:
E§[|\W\|2 xW|Y = y] = (”m(W)”2 +tr (V(W)))m(w) +2V W) (W)

= (Hy -Xp-Um|* + tr(U@UT)) (y-XB-Um)+2UOU" (y- XB-Um) .
(B.10)

Plugging and (B.10) in (B.8), we conclude:
2 | =
Covz (55,52 |Y =y) = FX UOU" (y-Xp-Um) . (B.11)
Combining (B.5]) and ( in , we have:
Hg o2 (y) =M (y-XB-Um) ,
where M is a matrix constant with respect to y. Now, consider the expression of m which, at convergence,
depends linearly on (y X B) Therefore, the previous equation can be factorized with respect to (y X ﬁ )
and we have: . )
Eg[Hp . (Y)] = ME5[Y - X 5] =

where M is again some matrix not depending on Y, and the expectation is 0 by hypothesis of Model
Proof that Hﬁmz_‘(y) =0 Thanks to Equation (2.21)), restricted to 3 and 72, we have:

Hyoo (0) =Eg[dz (S5(y.2)) | Y = y]+ Covy(S5(y. 2).5,2, (4. 2) | Y = ).
For the first term, performing deriving (B.1]) with respect to v3,., we have:
B5J.2 Ss(y,2)|Y =y]=0,

Moreover, we have, for 1 < j <r:
(COV@“(SB,S,Y? |Y = y) 2,\2,\2X U Covy (Z 1Z;] )

2AMX U (B[1251° x Z | Y = y] - B[ 12, | Y = y| xE5[Z | ¥ = y]) (B.12)

Let’s denote 7ii; = Eg[Z; | Y = y] and O; = V4[Z, | Y =y]. We have, using again Propositions and
and calculations similar to those of the previous paragraph to set (denoting Z; the set of indices of Z whose
marginal variance is 732):

o125 |Y = y|xB5[Z | Y = y] = (|m5]° + 0 (O;)) m
Eo12;1°2 | Y =y] = (Im51° + tr (0;)) m + 20z,

where 6zj is the d, x d, matrix where all rows corresponding to those of I' that does not contain ; are 0
(the other being the ones of O). Therefore, we have:

Covy (53, 2 Y = y) = A2A2X UOI m.
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Again, using the fact that m depends linearly on y — XB, we have:

Eg[HE%(Y)] - ]Eg[(COVg(SE(y, Z),5% (4.2)|Y = y)] - ME,[Y - Xj]=o0.

We then proved that the Fisher information I,,(8) is block diagonal.

==

Expression of V[ﬁ’]
Hg(y) =E5[Js (Ss(y. 2)) | Y =y] + V5[ Ss(y. Z2) | Y =y].
We have on the one hand:
Ey[J5S5(y, Z) | Y =y] = —E;[%XTX Y - y] _ —%XTX.
On the other hand:
V5lSs(y, 2) | Y =y] = E[Ss(y, 2)S5(y, Z2)" | Y =y] -E5[Sp(y,Z) | Y = y|E[Ss(y,2) | Y =y]"
-~ X"{(v-X5) (y-XB) - (4~ XB-UZ) B[ Z | ¥ =]
~UE{Z|Y =y](y-XB) +UEl{ZZ" |Y =y|U"

-(y-XB)(y-XB) +(y-XB)Ep[Z | Y =y]'U"
VUESZ|Y -y)(y-XB) -UB{Z|Y - ylE;{Z | Y -y U")X

1 _
- S X'UOU'X
g

Therefore, as none of the terms depend on y, the Fisher information matrix is simply equal to the sum, and
we retrieve the result of the proposition:

=il
V(5] =0 (XTX - %XTUﬁUTX) :
o

B.2 Proof of Proposition 4.11

Proof of Proposition |4.11

We have to prove each recursion formulas.

Upward recursion: The initialization is straightforward, than the recursion is the same as the recursion
given in to evaluate the likelihood of the observed variables pg(Y7.,,), observing that, at each step

a;(2) o< po(Zj = 2)po (Ysun(yy | Zj = 2) = po(Z; = 2)4;(2).

where the conditional distribution ¢;(z), defined in (4.53), is evaluated thanks to (4.54) and the
marginal distribution pg(Z;) is evaluated with (4.51) and (4.50).

Downward recursion: Again, the initialization is obvious as

a2n-1(2) = amrea(2) =pe(Zymrca = 2 | Yim) = Tmrca(2).

Then the recursion is based on a decomposition similar to this used for the HMM in Proposition [4.4
let us write 7;(2) as

Po(Zj = 2, Zpa(y) = U Yeub(3)» Youpgy)
pQ(len)

7;(2) = ffj(u,z) du, where &;(u,z) =

splitting Y1., into Y,,p(;) and Ym, where sub(j) is the set of leaves that are not downstream of
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node j. Now, because Z; is independent from Ym given Zp,(;) and conversely, we have that

Po(Zj = 2 Zpa(y) = U Youb(s)s Yungsy)
=P (Your(j))P0(Zj = 2| Ysur(j))Po(Zpa(s) = v | Zj = 2)Po (Yogizy | Zpa(i) = 0)-

Multiplying and dividing by po(Ysus(j) | Zpa(s)), We get that

Po(Ysmh | Zpa(s) = ©) Po(Your(j)) P9 (Yin | Zpay) = u) Po(Ysuns)) Tpa(s) (4)

Po(Y1in) " 2o (Yaun() | Zpaii) = 1) Po(Yin) — Po(Zpa(sy = | Yaun(s))
so we are left with
gj(ua Z) =0Qj (Z)Tpa(j) (u)ﬁj (u> Z)
where
_ PolZpay=ulZ;=2) _ Po(Zpagy) = u| Z; = 2)
Pe(Zpa(j) =u| Ysub(j)) fpe(Zpa(j) =u| Zj=v)pe(Zj=v | Ysub(j)) dv
_ po(Zj = 2)pe(Z;j = 2 | Zpa(s) = w)
[ pe(Zj =u)pe(Zj = v | Zpagjy = u)erj(v) dv

Bj(”? Z)
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Appendix C

Technical detail for Stochastic Block
Models

Contents
[C.1 Derivation of the model selection penalty term in ICL for SBM|. ... ....... 161
[C.2 Mathematical details for the inference of bipartite SBM|. ... ... ...... ... 162
[C.2.1 Model, parameters and complete likelihood|. . . . .. .. .. oo oo 162
[C.2.2 VEM algorithm for the bipartite SBM|. . . . .. ... o o o 00 . 163
[C.2.3 ICL criterion for the bipartite SBM] . . . . . .. .. ... .o 164

In this section, we provide technical details related to the Stochastic Block Model (SBM) used for analyzing
network datasets. The first part focuses on the derivation of the ICL criterion used to select the number of
blocks in the SBM. The second part addresses the Stochastic Block Model for bipartite networks, with a focus

on the VEM algorithm and the ICL criterion.

C.1 Derivation of the model selection penalty term in ICL for SBM

We consider here the binary or Poisson SBM, where the conditional distribution of each edge Y;; conditional on
Z; and Z; depends.on a one-dimensional parameter. The proof (and the resulting penalties) need be adapted to

other emission distributions. Equations (5.19) and (5.20) are recalled here:

log ( f p(y.2,0.1) d8) = log g, (9.2) - pen(K) + On(1),

where

2 2

pen(K) :%(K(Ku) 1Og(n(n—l)

)+(K—1)10gn).

We provide a sketch of proof of these equations.

Proof of Equations and

Using the conditional independence of o and w given K, the integral can be factorised as
[ w205 a0 =[] ply| 2.0, K)p(z @, K)pla | K)p(w] K) da dw)
([ 212,000 | K) da) ( [ pla] @, K)p(w | ) do)
that is

log([p(y,z,@,K) dQ):log(fp(y|z,a,K)p(a|K) da)+log(fp(z,|w7K)p(w|K)dw).

A Laplace approximation can then be applied to each term, following the same line a in Section to get
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Equation (2.26). Hence we get for the first term

log[n(n -1)/2]

1og(fp(y | 2,0, K)p(a | K) da) ~logp(y | 2,0 = &, K) - K(K + 1) )

+0,(1)  (C.1)

because the n(n —1)/2 edges of the network Y are conditionally independent given (Z, o, K') and because
there are K (K +1)/2 independent parameters in « in the binary or Poisson version of Model As for
the second term, we have that

logn
2

1og([p(z,|w,K)p(w|K) dw) oz p(z || w =@, K) = (K - 1122 4 0,(1) (C.2)

because the n latent variables Z; underlying the network Y are conditionally independent given (w, K)
and because there are (K - 1) independent parameters in w. Gathering Equations (C.1)) and (C.2|) gives

(5.19) and (5.20) using frequentist notations.

The ICL is obtained by integrating the latent variation in Equation (5.19) with respect to py (Z | Y).
However, this distribution is not explicit in the SBM and so is replaced by its variational approximation §(Z),
leading to the variational ICL (ICLy, see Section (5.1.5))).

C.2 Mathematical details for the inference of bipartite SBM

The extension of the Stochastic Block Model (SBM) to bipartite networks is briefly introduced in Section
In this section, we provide the technical details, beginning with a reminder of the model definition, followed by
an outline of the VEM algorithm, and concluding with the derivation of the ICL criterion for model selection.

C.2.1 Model, parameters and complete likelihood

We first recall the model:
s N

Model C.1. (bipartite SBM) Let (Yij)i-1,...n,j=1,...p e the incidence matriz of a bipartite network
involving n x p nodes.
- ud (1) j =
Z; - Cat(w ) Vi=1,...,n (C.3)
wW; o~ Cat(w(Q)) Vi=1,...,p
Then, conditionally to the latent variables Z and W, the nodes are connected independently:
ind ..
L )/;j|{ZZ:k7Wj:€} ~ f(akrf) \7’(2,])6{1,...7n}><{1,...,p} (04) )

The vector of proportions w® = (wgl), ..

.7w§{1)) €[0,1]% and w® are such that their sum is equal to 1.

Parameters The parameters of the model are 0 = (w(l),w(z), (are)ke=1,.. K), w® being the vector of the
row block proportions while w(? is‘the vector of the column block proportions. The aje are the interblock
connection parameters. We do not talk about intra-block connection parameters proportions since the row and
colum blocks are defined on different types of nodes (plants/pollinators for intance, or trees/fungis).

Complete log-Likelihood Denoting y = {¥i;}(i j)-1....n Z = {Z;}1<icn and W = {W,}1¢j<p, the

complete likelihood of model (C.3)) and (C.4) is

logpa(y, Z, W) =logpy(Z) +logpe(W') +logpe(y | Z, W)

J=1,...p >

n K p L n,p K,L
= Z Z Zik logwél) + Z Z Wie 1ogw£2) + Z Z ZixWielog f (yij; age) - (C.5)
i=1 k=1 j=10=1 i,j=1k,f=1

where, as before Z;, =1z, and W, = Tw,=e,

162



C.2.2 VEM algorithm for the bipartite SBM

In the bipartite SBM, two sets of latent variables have been defined, namely Z (row clustering) and W (column
clustering). We define Q such that Vg e Q:

o2, W) = [TaZ) [0, 7)) - 171

i=1 i=1 k=1 j=1¢

:jh

Py (C.6)

Il
—

where 7, = Eq[Zi] and pjp = E,[W;,] .

VE step for the bipartite SBM

- N
Proposition C.1. In the bipartite SBM with approximate conditional distribution q chosen in Q defined
before, the solution of the VE step are obtained by alternatively computing:

:]h

P
Tik = Eq[ Zin] o< wy (1) [T11f(wijs cue)?t (C.7)
j=14=1
(2) n K
pje=Eq[Wie] o w,” [TT] f(yijiame)™ . (C.8)
L i=1 k=1 )
Proof of Proposition
The objective function is given by:
n K p L n,p
ELBO(CL@,?J Z Z Tik ].ng Z Z glOgW + Z Z TikPje Ing(yzj7akZ)
i=1k=1 j=1¢=1 i,j=1k,0=1

n K p L
—ZZTiklogTik_ZZ pjelog pjs .
i=1 k=1 ol

To maximize the function, we derive with respect to the 7;;’s and p;,’s, subject to the constraint ZkK:1 ik =1,
forallie{1,...,n} and ZeL:1 pje =1, for all je{1,...,p}. The derivative with respect to 7 is zero iff

p L
Ing Z Z pielog f(yij; ame) —log iy — 1 - )\(1) 0,
j=1r=1

where )\1(1) is the Lagrange multiplier for the constraint ) szl Tik = 1. Similarly, the derivative with respect
to pj¢ is zero iff

logw(z) Zn:

||MN

Tir 1og f(yij; cne) —log pje — 1 - )\;2) =0

where )\5.2) is the Lagrange multiplier for the constraint ZzL=1 pje = 1, which proves the proposition.

M step for the bipartite SBM

s N
Proposition C.2. In the bipartite SBM with approximate conditional distribution q chosen in Q and such
that the emission distribution belongs to the exponential family:

f(y;y) = expla’S(y) - a(y) - b(a)]

where t(y) is the vector of the sufficient statistics, the solution of the M step of the VEM is:

WM = M, (C.9)
n
_ Ny
Ww® = @7 (C.10)
i X8y Tikpie S(yi
Vh(an) = 1 205=1 TikPje (yj) (C.11)

Zz 1 Z] 1 TikPje
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In particular, if the emission distribution is Bern(pge) for binary interaction or P(uke) for weigthed

interaction then " »
iz1 2jo1 TikPit Yig

Y Xhy Tikpie

Dke = Oke =

Proof of Proposition
The proof is the same as for SBM case (Proposition .

C.2.3 ICL criterion for the bipartite SBM

Both the number of blocks of type 1 (K) and the number of blocks of type 2 (L) need usually to be estimated
for the bipartite SBM. Using the same Bayesian reasoning as in Section to define both the BIC and the ICL
criteria (see also Appendix [A.4]), we need to approximate the integral

[ oy zw,0,K) a0 = [ p(y, 20,0, K)p(z, | 0,K)p(w,| 0, K)p(6 | K) d6 .
Again, assume that the prior distribution p(# | K) is such that w1 w® o are all independent conditionally

on K and L, i.e.:
p(w(l),w@),a | K,L) :p(w(l) | K,L)p(w(2) | K,L)p(a | K,L).

Assume moreover that both dimensions of the network go to infinity at the same rate (lim,,— . n/p = cst), we
may prove for the binary and the Poisson bipartite SBM that

tog ( [ p(y. 2.0, 1) d6) <logg(y. . w) - pen(K. L) + Ou(1). (C12

where .
pen(K,L) = B {KLlog(np) + (K =1)logn+(L=1)logp} . (C.13)

This penalty pen(K, L) is now composed of three terms corresponding to «, w® and w® and the respective
number of variables (np edges Y;; for «, n latent variables Z; for w® and p latent variables W; for w(Q)).

Proof of Equations (C.12) and (C.13])

We follow the same line as for the SBM model: using the conditional independence of o , w™ and w?
given K and L, the integral can be factorised in three terms to get

log(f p(y,z,w,0,K L) d@)
=10g(/f p(y| z,w, 0, K, L)p(z,| 0, K)p(w,| w®, L)p(a | K)p(w™ | K)p(w® | L) do dw™® dw(”)
=log (/ p(y | z,w,a, K)p(a| K) da) +log (/ (2] D, K)p(w? | K) dw)

" log( f p(w,| W@, K)p(w® | K) dw) .

Then a Laplace approximation can be derived for each term, assuming that the number of nodes of each
type go to infinity at the same rate (that is: lim,_ . n/p = cst):

tog ([ (| 2w, 0, K)p(a| K) da) = loga(y | z,w) -~ log(np) + O (1)
log (f p(z,| w(1)7K)p(w(1) | K) dw) = logg(2) - K-1

2
log(/p(w, | w(2)7K)p(w(2) | K) dw) = logg(w) -

log(n) + O, (1)

log(p) + On(1).

Gathering the three equations gives Equations ((C.12)) and (C.13)).
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Again, the ICL criterion is given by the dominant term of Equation (C.12)) and we now have to deal with the
unknown latent Z and W. When factorized approximate distribution are used, the variational modes of Z and
W can be defined as for the SBM model, defined as:

Z = (argmax@ﬁl)(zi)) ,
1<i<n

23

W = (argmax@f)(wi)) .
1<i<n

w;
We end up with the two variational versions of the ICL criterion:

ICLV,I(Kv L) = Ingﬁ(yvz7 fﬁ) - pen(K, L)a
ICLv,»(K, L) = Eg[log py(y, Z, W)] - pen(K, L)
= ELBO(,8,y) - Entgo) [ Z] - Entgeey [W] - pen(K, L)

where pen(K, L) is given in Equation (C.13).
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Forward algorithm,
network,

Gaussian mixture

Clustering, PCA, [61] [66]
Model selection, Missing data, [64]
Genetics, Model selection,
Shrinkage effect, [66]
Hidden Markov model, [70] Phylogenetic tree, [07]
Hidden Markov random field model, PLN model,
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Poisson regression, [39]
Population genetics,
Potts model,

Probabilistic principal component analysis, [61]

Pseudo likelihood, [I02]

Quasi likelihood,

Random effect,
Reparametrization trick,

SBM, [I1]]
Score function,

Shrinkage effect,

Smooting distribution,
HMDM, [7]

Spatial data,

Spatial model,

Spatial statistics, [7]
Stochastic block model,
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Viterbi algorithm, [79]

Zero inflated Poisson model,

71P, [36]
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